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Abstract

In the first half of this thesis, we study the random forest obtained by conditioning
the Erdés—Rényi random graph G(N, p) to include no cycles. We focus on the critical
window, in which p(N) = W, as studied by Aldous for G(N,p). We describe a
scaling limit for the sizes of the largest trees in this critical random forest, in terms of
the excursions above zero of a particular reflected diffusion. We proceed by showing
convergence of the reflected exploration process associated to the critical random forests,
using careful enumeration of classes of forests, and the asymptotic properties of uniform

trees.

In the second half of this thesis, we study a random graph process where vertices have
one of k types. An inhomogeneous random graph represents the initial connections
between vertices, and over time new edges are added homogeneously, as in the classical
random graph process. Each vertex is frozen at some rate, resulting in the removal of
its entire component. This is a version of the frozen percolation model introduced by
Réath, which (under mild conditions) exhibits self-organised criticality: the dynamics

first drive the system to a critical state, and from then on maintain it in criticality.

We prove a convergence result for the proportion of vertices of each type which survive
until time ¢, and describe the local limit in terms of a multitype branching process whose
parameters are critical and given by the solution to an unusual differential equation
driven by Perron—Frobenius eigenvectors. The argument relies on a novel multitype
exploration process, leading to a concentration result for the proportion of types in all
large components of a near-critical inhomogeneous random graph; and on a stronger
convergence result for mean-field frozen percolation, when the initial graphs may be

random.
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Chapter 1

Introduction

In this short introduction, we introduce the models and techniques on which the rest of
this thesis is based. In particular, we review the theory of the Erdés—Rényi random
graph model, and some examples of random trees. A key method in studying these
models is an ezxploration process, which allows us to reveal the structure of a random
object one vertex at a time and track it in a Markovian manner. We introduce some
natural examples of exploration processes, and explain how they can be used to describe

asymptotic properties of the underlying graphs.

The second half of this thesis concerns graph-valued processes which exhibit self-organised
criticality. We will review the history of such models, and introduce mean-field frozen

percolation, an adaptation of which will be the main focus of Chapters 4 and 5.

1.1 Random graphs, random trees and coalescence

Throughout this thesis, a graph G = (V, E') will always be undirected and simple. That
is, G contains no loops nor multiple edges, so E C V(2| the set of unordered pairs of

distinct vertices in V.

The FErdés—Rényi random graph has been one of the most widely studied random
structures since its introduction in the 1950s. We define the random graph G(N,p) as

follows. The set of vertices is taken to be [N] :={1,..., N}, and then each potential
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edge ij (for i < j) is present with probability p, independently of all other edges. Erdds
and Rényi [22, 23] initially studied G(IN,m), a uniformly-chosen graph with vertex
set [N] and precisely m edges. In one of the first and most famous examples of the
probabilistic method, Erdés [21] used G(N,1/2) to derive lower bounds for Ramsey

numbers.

The model G(N, p) as defined in the previous paragraph was first introduced by Gilbert
[30]. It is worth observing that for any p € (0,1), the random graph G (N, p) conditioned
to contain exactly m edges has the same distribution as G(N, m). For p < p/, there is a

natural coupling of G(N,p) and G(N,p’) such that
E(G(N,p)) € E(G(N,p)). (1.1)

We can achieve this by, for example, taking G(N, p) and (to borrow terminology from
Bollobas [14]) sprinkling extra edges independently with probability ’i/%g between any
pair of vertices unconnected in G(N,p). Alternatively, we can issue each potential
edge e € [N]® an independent random variable U, ~ U|0,1]. Then, we include e in

E(G(N,p)) iff U, < p. This gives a coupling of G(N,p) for all p € [0,1].

Definition 1.1. We will usually assume p = p(/N) is a function of N, and we will be
interested in asymptotic properties of G(V,p) as N — oco. We say that a property A
holds with high probability (w.h.p.) in G(N,p) if

P(A holds in G(N,p)) — 1,

as N — oo.

Definition 1.2. We use the following notation to describe asymptotic scalings. As
usual, if (ay), (bn) are real-valued sequences, we write ay = O(by) if §2 is bounded as
N — oo, and ay = o(by) if & — 0 as N — oo. Furthermore, when both sequences

are positive, we write ay = O(by) if

a a
0 < liminf — < limsup—N < 00.
N—oo by = Nooo bN
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We also want to use similar language for random variables, but there is a risk of

ambiguity. Following Janson [32] closely, we make the following pair of definitions.

Definition 1.3. Let (Ay) be a family of random variables, and (by) a positive real-
valued sequence. Then we say Ay = Op(by) if Ay /by is bounded in probability. That
is,

im limsupP(JAnx| > Cby) = 0.

1
C=0 Nooo

Similarly, we say Ay = op(bn) if impy_y00 P(|An| > cbn) = 0 for all ¢ > 0. Finally, we

say AN = @p(bN) if

lim limsupP(Ax > Cby) = clgm limsupP(An < cby) = 0.

C—0 N_ooo © N—oo

Definition 1.4. Then we say Ay = O(by) with high probability if for some C' > 0 the
property {|An| < Cby} holds with high probability. We also say that Ay = o(by) with
high probability if the properties {|An| < ¢by} hold with high probability for all ¢ > 0.
Similarly, we say that Ay = ©(by) with high probability if for some 0 < ¢ < C the

property {cby < Ay < Cby} holds with high probability.

Note that Ay = O(by) with high probability implies Ay = Op(bn), but the converse
statement is false. However, Ay = o,(by) is equivalent to Ay = o(by) with high

probability.

1.1.1 Erddés—Rényi process: sparse regime

In this thesis, we will mostly be concerned with G(N,p) in the sparse regime, that is
p=©O(1/N). In this regime, the typical number of edges present in G(V,p) is O(NV),
and the degree of a typical vertex is ©(1). Indeed, for any vertex v in G(N,c¢/N), the
degree of v has the Binomial(N — 1,¢/N) distribution, which is well-approximated by

Poisson(c) for large N.

Motivated by the coupling (1.1), we consider a random graph process (SN (t),t > O) as
follows. GV takes values among the set of graphs on vertex set [N]. We set GV (0) to be

the empty graph, and add each potential edge in [N ](2) independently at rate % It is
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easily seen that GN is Markov, and satisfies
SNt L G(N,1— e /M),

Note that for large N, we have 1 — e */N = (1 4 o(1))t/N.

One of the most studied properties of the sparse random graph process is the emergence
of the so-called giant component. Let |@Y| > || > ... be the sizes of the components of
a graph in decreasing order. The size of the largest component € in G(N, p) undergoes

a phase transition at p = % The regimes can be summarised as follows.

o For p= £, with ¢ < 1, then |C)| = O(log N) as N — oo, with high probability.

We say that such a random graph is subcritical.

o For p= £, with ¢ > 1, then |C'| = (¢ + o(1))N, where (. is a positive constant,
and |CY| = O(log N) with high probability. We say such a random graph is

supercritical and that € is the (unique) giant component.

o Forp= &, then |[C)],... |CN| = GP(N2/3> for any £ € N. We say such a random
graph is critical. As we shall see, it is possible to describe the distributional limit
of N=2/3(|eN],...,|CN|). Note that this does not assert that all components

1 k

have size © <N2/3).

The methods used by Erdés and Rényi in [23] mostly involve careful bounds on the
proportion of vertices contained within small trees via second-moment methods. We will
shortly introduce some more modern approaches, based on approximating the structure

of G(N,c¢/N) locally by a branching process.

1.1.2 Galton—Watson trees

We will shortly define a relevant family of branching processes. First, we define the

Ulam—Harris notation for the space of trees on which they are supported.
Definition 1.5. Let U := {@} U Uy N*. For u € U, we call |u| the height (or
generation) of u. For u = (uy,...,ur) € U\{D}, let the parent of u be p(u) =

(ut, ... ug—1).
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An ordered, rooted tree T is a subset of U, such that @ € T, and for any u = (uq,...,u) €
T we have p(u) € T and (u1,...,ux—1,7) € T for 1 < j < wuy — 1. For each u € T, let
the children of w in T be C(u) :={w € T: p(w) = u}, and set c¢(u) := |C(u)|. When we
add edges between each u € T and all of its children C'(u), the resulting graph is indeed

acyclic and connected.

Let p be a probability distribution on Ng. A Galton—Watson tree (or a branching process
tree) T, with offspring distribution p is a random ordered, rooted tree generated as
follows. First, sample independent random variables ¢(u) distributed as p, for every
u € U. Then let T, be the unique ordered, rooted tree in which the number of children

c(u) in T, is equal to ¢(u) for every u € T),.

We will refer to |T,| as the total population size of T, in keeping with Galton’s biological
motivation for the model. We define extinction to be the event {|T,| < oo}, and survival

to be the event {|T,| = oo}.

Remark. The classical definition of the Galton—Watson process is a Markov chain
(Zn)n>0 on Z>q characterised by Zy = 1, and the recurrence Z,; = ZiZ:’Ll §Z~(n), where
(fi(n), n > 0,7 > 1) are IID random variables with distribution p. Each Z,, represents the

number of individuals in the nth generation. Note that this definition can be recovered

from the Galton-Watson tree T, by taking Z,, = |[{u € T, : |u| = n}|.

The fundamental result concerning survival of Galton—Watson processes says that
positivity of the survival probability depends only on the mean of u. First, we define
fu(t) =322 pitF to be the probability generating function corresponding to p. Now

we can state the following result.

Proposition 1.6. Let p be a probability distribution on Z>( other than d;. Then, if

> ok>0 ke <1,

P(|T,] = 00) = 0.

If "0 kg > 1, then there is a unique ¢, € [0,1) such that f,(t,) = t,. Furthermore

P(|T,| = 00) =y i=1—t,,.
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Definition 1.7. We say a Galton—Watson process is subcritical, critical or supercritical

when ;- kuy is, respectively, less than 1, equal to 1, or greater than 1.

In the case where p is Poisson(c), the pgf f, is particularly tractable, so let us write (.

for the survival probability in this case. We obtain
(e=1—e"%. (1.2)

Later, we will be interested in graphs in the barely supercritical regime where c =1+ ¢

for 0 < e < 1. Letting € | 0 and linearising in (1.2), we obtain (14+e = 2¢(1 + o(1)).

1.1.3 Uniform trees

Recall that a tree is a simple connected graph with no cycles. Cayley’s formula states
for that every N, there are NV =2 trees on vertex set [N]. We will call T, a tree chosen
uniformly at random from this set, a uniform tree on [N]. This is a special case of a

uniform spanning tree, here with reference to Ky, the complete graph on [N].

Now consider G(N, p), and fix £ < N. Conditional on the event that {1,...,k} is the
vertex set of a tree in G(N, p), this tree is a uniform tree on {1, ..., k}, since, in G(N, p),

the probability of any configuration depends only on the number of edges present.

Some of the tools required to treat uniform trees will be easier to develop in the setting
of Galton—Watson trees. Fortunately, it is possible to describe a uniform tree as a
Galton—Watson tree conditioned to have a particular total population size. We formalise

this, and give a short proof, based on Aldous’s outline [3].

Proposition 1.8. [3, §2.1] Let p be Poisson(1), and T, the corresponding Galton—
Watson tree. We condition on the event that |T,| = N, and then assign labels [N] to
the vertices of T, uniformly at random. To the resulting (labelled) ordered, rooted tree,
we associate the corresponding unordered, labelled tree with edges precisely from vertex
u to each of its c(u) children, for all u € T,. We call this unordered, labelled tree Ty.

Then Ty 4 Tn.
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Proof. For any rooted, ordered tree T with size N, we have

o —N
P(T,=7)= C HC

Since P(|T,| = N) is a function of N,

PT =TTl = M) =) [] &

where f(N) depends only on N, not on 7.

Now consider a particular unordered, labelled rooted tree (T, p) with |T| = N and a root

p € T. Then there are [] C(v)! ordered, labelled rooted trees associated to (T, 5). Each
veT

of these ordered labelled rooted trees rooted trees arises with probability ! (N) H C

when we choose a uniformly labelled version of T, conditioned to have N Vertlces.

Therefore }P’((TN,ﬁN) = (T, ﬁ)) = f](vj\!f). This is a function of N alone, so the law of

(T, pn) is uniform on the set of rooted unordered labelled trees, as required. O

1.1.4 Multiplicative coalescence

When we study the random graph process as above, sometimes we will be interested only
in the sizes of components, rather than the graph structure within such components.
Ignoring this internal structure, what remains is a process of block sizes, where pairs of
blocks can join together, corresponding to the addition of an edge between two hitherto
distinct components. Various models of such a coalescence process have been studied

mathematically, and are applicable here.

Continuum models and Smoluchowski’s equations

Consider a general setting with a large number of blocks, which may have any mass
x € Ry. Any pair of blocks with masses z and y may merge to form a single block of

mass z + y, and the rate at which this happens is specified by some kernel K(z,y) > 0.
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Now, we assume that all masses are positive integers. Let ¢x(¢) > 0 be a function which,
heuristically, represents the density of blocks with mass k£ € N at time t. We may
describe the evolution through a system of coupled ODEs, referred to as Smoluchowski’s

(coagulation) equations:

a4 —— _ — > 1. )
dtck ) ) ; K(g, k E)Cg(t)ck g Ck ZZIK k E Cg k = 1 (1 3)

In each of these equations, the first term on the RHS gives the rate at which blocks of
mass k are formed as a result of two smaller blocks merging, and the second term gives

the rate at which blocks of mass k are lost as a result of merging with other blocks.

Smoluchowski [63] introduced this model to investigate molecules in solution, for which
a typical kernel might be K(z,y) := (z'/3 + y'/3)(2=/3 4+ y~1/3). However, three
simpler kernels with combinatorial interpretations have proven tractable and useful for
applications. The constant kernel K (z,y) = 1 leads to Kingman’s coalescent [39], which
has been much studied as a model in population genetics. The additive coalescent with
kernel K(z,y) = = + y, studied by Aldous and Pitman [6], and Evans and Pitman [25],
is related to a natural growth process for uniform forests [58]. These and many other
examples of coalescence are considered from both mathematical and applied perspectives

in Aldous’s survey paper [7].

For the purposes of this thesis, we focus on the multiplicative kernel K(x,y) = xy. The
relevance of this kernel is based on the following observation. In the random graph
process, whenever there are distinct components with sizes x and y, the rate at which

they are joined is proportional to the number of potential edges between them, that is
xy.

In this setting, instead of ¢ (t), it is more convenient to consider vy(t) > 0, the density
of mass contained in blocks of mass k at time ¢. So vg(t) = kci(t), and we rewrite (1.3)

as

Sty == > 1. 1.4
Uk =3 Hve Jur—e(t) — kug(t sz k> (1.4)
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Some arguments and interpretations are better suited to one of (cx(t)) and (vi(t)) than
the other. For example, in Chapter 4, it will be convenient to state the main result
about convergence of the mean-field frozen percolation process in terms of (vg(t)), but

for technical reasons the proof will use (cg(t)).

Solutions to (1.4) and the gelation property

There are analytic challenges in proving existence and uniqueness of solutions to (1.4) for
various classes of initial condition (vg(0), k € N). McLeod [50] demonstrated existence
and uniqueness of solutions on ¢ € [0,1) under monodisperse initial conditions, that is
when v(0) = (1,0,0,...). This corresponds to starting from an empty graph. The proof
relies on the finiteness of Y 72 kvi(t), which diverges as ¢t 1 1, corresponding to the

formation of a giant component in the random graph process at criticality.

This gelation effect holds more generally for solutions to (1.4). That is, there exists
some gelation time T, > 0, depending on the initial condition v(0), such that the total
mass Y poq vg(t) is constant for ¢ € [0,Ty], but strictly decreasing on [T}, 00). It is
helpful to think of this loss of mass arising from the creation (in finite time) of blocks
‘with infinite mass’, which can’t participate in further coalescence events, and don’t

contribute to the sum Y 72 vi(%).

Kokholm [40] was able to extend existence and uniqueness of the solution to (1.4) to the
entirety of t € R>(, again with monodisperse initial conditions. This complex-analytic
argument exploits the exact form of the solution with these initial conditions, and does

not generalise easily to a broader class of initial conditions.

With general initial conditions, existence and uniqueness of solutions to (1.4) up to the
gelation time was shown by several authors, including Norris [54] under more general
coalescence kernels. Existence of solutions beyond the gelation time was studied by
several authors, including Laurencot [41] via PDE methods, and Jeon [35] via a weak

convergence argument similar to the one we will use in Chapter 4. All of these authors
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show the following expression for the gelation time

1

T, = ——————
g Ek21 kv (0)

€ [0,00). (1.5)

Flory’s model [26] is an alternative to Smoluchowski’s, in which the ‘infinite-mass’ gel

continues to coalesce with finite blocks (called the sol). The corresponding equations

are

d _k
2

*Uk

dt

i tvg—e(t) — kug(t ZW (1.6)

Here, the final term 72, v;(0) represents the ‘total mass’ of the system, which is
assumed to be constant. Note that this model corresponds directly to the random graph
process, where the giant component continues to form edges with small components.
Norris [55] shows existence and uniqueness of solutions to a version of (1.6) corresponding

to a substantial generalisation of the coalescence dynamics, called cluster coagulation.

Global existence and uniqueness of solutions to (1.4) under general initial conditions
was unresolved until Rath [60] proved this with the restriction that the initial v(0) has
finite support. In a similar argument via generating functions, Normand and Zambotti
[53] show the same result without the requirement that v(0) has finite support. They
further show that the total mass ®(t) := > vi(t) is analytic on [0, oo)\{T }, and give
conditions under which its right-derivative at criticality satisfies & T P(Ty) < c0. We

present a version of this result in Chapter 4.

Stochastic coalescents

We are primarily interested in solutions to Smoluchowski’s equations as limits of random,
discrete coalescent processes. Such processes were introduced by Marcus [49] and studied

by Lushnikov [46, 47], and are often called Marcus—Lushnikov processes.

We let N € N be some index, which we treat as the scaling for the total mass. Then,
we consider the Markov chain with state space given by finite non-increasing sequences
of positive integers (which we interpret as block masses) and the following transitions:

at rate K(x,y)/N, we replace each pair x and y in the sequence with = + y, reordering
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if necessary. The sequence of component sizes in a random graph process (including a
version started from any initial graph on [N]) is an example of such a Marcus—Lushnikov

process with multiplicative kernel.

Given such a process, let cff (t) := +#{blocks with mass k at time t}, and v} (t) :=
kel (t). In many cases, it is natural to assume that N is the initial total mass, that is
S22, v (0) = 1. This is consistent with the interpretation of the model as N particles
of equal mass, some of which join together into blocks. Note then that ¢V(¢) can be
viewed as a measure on block masses, and v (t) the corresponding size-biased measure
(or probability distribution) giving the mass of the block containing a randomly-selected

particle.

We are interested in the convergence of these Marcus—Lushnikov processes as the index
N tends to infinity. Jeon [35] and Norris [54] show convergence to the Smoluchowski
equations (1.3) for a general class of kernels which do not induce gelation. In particular,
this does not include the multiplicative case. Norris [55] shows as a special case of
subsequent work on cluster coagulation that multiplicative Marcus—Lushnikov processes
converge uniformly in distribution in ¢; to the solution of Flory’s equations (1.6), and
several authors [27, 28] have studied in greater detail which kernels lead to Flory rather

than Smoluchowski equations as the hydrodynamic limit.

In Section 1.3.1, we will introduce a mean-field frozen percolation model, which shares
some of the dynamics of the multiplicative coalescent but which does have Smoluchowski

equations as its hydrodynamic limit.

1.2 Exploration processes and limits

1.2.1 Exploration processes

Definition 1.9. Let G be some (not necessarily random) graph with vertex set [N].
Throughout, we define the neighbourhood of a vertex v to be I'(v) := {w € V(G),wv €

E(G)}, the set of vertices connected to v by an edge. Then, take a (possibly random)
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ordering v1,v9,...,vy of the vertices such that for every m =0,1,...,N — 1,

Vg1 € (D(o1) U. . U () )\ {01, v} (1.7)

whenever this set is non-empty. We now define the exploration process as

So =1
(1.8)
Smit = Sm+ [Dm)\{p1} UT (1) U. .. UT ()| =1, m >0.
We may define
Hy :=inf{m:S,, = -k + 1}, (1.9)

and then (Hy, Ho — Hy, H3 — Hs,...) is the sequence of component sizes in G, in some
order. In particular, for 1 < m < Hj, it can be seen from (1.8) by induction that

Sm = |Zm|, where
Zo={v1}, Zom o= (Do) U UD(@m) \ o1, v}, m > 1. (1.10)

Heuristically, we imagine ‘exploring’ the graph one vertex vi,vs, ... at a time, revealing
neighbours as we go. Then, when we are at vertex v,,, Z,, is the set of vertices we have
seen but not visited, which we will sometimes refer to as the stack. In Chapter 3 it will
be more convenient to consider the reflected exploration process (Zm,)m>o0 defined by

Zm = |Zm|, for m > 0. By construction, this is non-negative, and satisfies

Zm =14+ S, —minS;, m>0. (1.11)
k<m

Examples of orderings
o Aldous [5] uses a breadth-first ordering to investigate the distribution of component
sizes in critical random graphs. We define such an ordering as follows.

We assume the graph has vertex set [N]. Let v; be chosen uniformly at random

from [N]. If v; has exactly k neighbours, we let va,...,vp11 be these neighbours
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in increasing order. Then if vs has exactly | neighbours different to vy, ..., vg41,
we let vg4o,..., V141 be these neighbours in increasing order. We continue this
procedure. At any time when {v1,...,v,,} is a union of connected components of
the graph, we choose vy,41 uniformly at random from the remaining vertices, and

continue until all vertices have been chosen.

In Chapter 2, we use such a breadth-first ordering, but where v, ..., vg1 are
chosen in uniformly random order, and similarly for each set of new neighbours.

This simplifies some proofs by making the exploration process exchangeable.

e A similar construction can be used for a depth-first ordering, where we consider
the descendents of the first offspring of a vertex before we consider any other
offspring or their descendents. Le Gall [42] uses such an ordering vy, vs,...,vN

for a tree T of size N, and considers the height process

hY =0, A :=dr,(vi,vm), m=1,...,N, (1.12)

where dr, is the usual graph distance on T%. In many circumstances, we can
profitably extract the height process from the depth-first exploration process. We
will discuss shortly some of the results about limits of trees which follow from

these ideas.

e A further option is to choose an ordering uniformly at random. We can do this
iteratively. Choose v; uniformly from V(G). Then for each m > 1 in turn, we
choose vy, 41 uniformly from Z,, as in (1.10), unless Z,, = &, in which case we
choose vp,4+1 uniformly from V(G)\{vi,...,v,}. We will use this ordering in
Chapter 3 for a multitype exploration process for a graph where each vertex has a
type in [k]. Here the exploration process is ZF-valued. The calculations in this
chapter remain valid under alternative orderings, but this ordering ensures the

exploration process is Markov.

In these examples, whenever we exhaust a component, we choose the next vertex
uniformly at random. There are other possibilities: for example, one could choose the

vertex with the smallest label that hasn’t yet been considered. However, an advantage
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of the uniform choice is that (Hy, Hy — Hy, H3 — Has,...) is the sequence of component

sizes of G in size-biased order.

1.2.2 Exploring random graphs and trees

The heuristic for exploring a random graph is to ‘reveal’ the randomness one vertex at a

time. The exploration process will be particularly tractable when (Sp,)m>0 is Markov.

Galton—Watson trees

Let T, be the Galton-Watson tree with offspring distribution p, as introduced previously,

and let vy, vs, ... be any ordering of its vertices satisfying v1 = @ € U and (1.7), as well
as the following condition. We insist that, conditional on (vy,...,vy,) and Zy,,
the choice of vy,41 is independent of T), restricted to U\{v1,...,vm}. (1.13)

So the choice of v,,4+1 may depend on external randomness independent of the tree.
However, this non-look-forward condition says, informally, that the choice of vy, 11
depends only on the structure of the subset of the tree which has already been explored,

and not on the descendents of the current stack Z,,.

Let (Sm)m>0 be the corresponding exploration process, which we can rewrite as

So =1
(1.14)

Sm+1 = Sm+c(Vmy1) —1, m>0.

The number of children ¢(vy,+1) is independent of the number of children of previously-
explored vertices, and so we conclude that (Sp,)m>0 is Markov and has IID increments

distributed as p — 1.

Remark. The condition (1.13) includes all the examples of orderings given in Section
1.2.1. However, it does not include, for example, the situation where, conditional on

(v1,-..,0m) and Zy,, zmy1 is chosen to be a vertex v € Z,, for which ¢(v) is maximal.
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In general, the exploration process corresponding to this ordering does not have the

Markov property nor IID increments.

In particular, if we take

m
Sm=1l-m+>» & m=>0,
=1

where &1, &3, . .. are IID with distribution pu, this has the same distribution as the original
exploration process, and thus gives us a method to establish the distribution of the total

population size of T, via (1.9). We use the following result of Dwass [20].

Proposition 1.10 (Hitting time theorem). Let (Sp,)m>0 be a random walk starting at
k > 1, with IID increments supported on {—1,0,1,2,...}. Then, with H; := min{m :
Sm = 0} as before,

P(Hi=N)= %IP’(SN =0). (1.15)

Taking this result in the case k = 1, we obtain
1
P(Tul=N) =B(H1 =N) = SP(& +...+ & =N —1).

Sketch proof of Proposition 1.10. We outline a proof for the case k = 1. See [69] for an
argument for general k > 1 along similar lines. Let x1,..., 2Ny be a sequence of integers
such that each z; > —1 and z1 + ... 4+ xy = —1. Then, it is straightforward to check

that there is exactly one cyclic reordering #, ..., 2y of x1,..., 2N such that
i+ +a2, >0, m=1,...,N—1.

Indeed, let m be the first index for which z; + ... + z,, achieves its minimum. Then
2t := Ty (with indices taken modulo N) is the unique cyclic reordering with this

2

property.

Since IID increments &1, ..., &N are exchangeable, (1.15) follows. O
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Erdés—Rényi random graph

We may apply a similar approach to G(IV, p). We consider orderings of [N] satisfying (1.7)
and a non-look-forward condition similar to (1.13). That is, conditional on (vy,...,vym)

and Z,,,
the choice of vy,+; is independent of G(N, p) restricted to [NJ\{vi,...,vm}. (1.16)

Then, given vy, ..., vp4+1 and T'(vy)U. .. UT (vyy,), we know that T'(v,,41)\({v1 }UT (v1) U

...UT'(vy,)) includes each vertex in

INN{v1} UT(v1) U... UT(v) U{vms1}) = [N\{v1, -y vmg1 U Zpm)

independently with probability p. Therefore, conditional on (Zy, Z1, ..., Zy), we have
from (1.8)
St — S+ 1 L Bin(N —m — (Zm V 1), p). (1.17)

Note that the term Z,, V 1 appears because v;,+1 € Zy, iff Z,, > 1. In particular, for

all m, and conditional on any sequence of values for (Zy, Z1, ..., Zy), we have
Sm+1 - Sm + 1 §St BIH(N — 1,p)

Observe now that the distributions Bern(1 — e~*Y) and Po(t/N) place the same
probability mass on zero, and so Bern(1 — e */N) <, Po(t/N). So, in the particularly

t/N

relevant case p = 1 —e~ """ we have, again conditional on any sequence (Zy, Z1, ..., Zm),

Smi1 = Sm +1 < Po(Nglt) < Po(t). (1.18)

We can use these estimates to bound in probability the size of the first component seen
in the exploration process, and thus the largest component in G(N, p). We will use such

an argument for a particular class of inhomogeneous random graphs in Chapter 3.

In the case of G(N,p), it is not possible to recover the exact graph structure from the

exploration process, since not all (potential) edges are considered during the process. In
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particular, for each m, it is possible that there are edges between vy, 11 and Zp\{vm+1}-
Any such edge forms a cycle with pre-existing edges, and is present independently with
probability p. So, the distribution of G(IV,p) can be recovered from the distribution of
the exploration process, by adding each of these potential cyclic edges independently

with probability p.

The seminal example of exploring G(N, p) is Aldous’s study [5] of the critical window,
where p = (1 + AN~1/3)/N. We will introduce this approach fully in Chapter 2, where

we extend the argument to a forest-valued version of the same random graphs.

1.2.3 Local limits

For large N, and small values of m, the stochastic bound given in (1.18) is a good
approximation to the distribution of each increment in the exploration process. In other
words, initially the exploration process of G(N, 1 — e N ) is very close in distribution to
the exploration process of the Galton—Watson tree with Poisson(t) offspring distribution.
So the local graph structure of G(N, 1 — e~ */™) near some uniformly-chosen vertex is
similar in distribution (for large N) to the Poisson Galton—-Watson tree. The following

definition, introduced by Benjamini and Schramm [12], makes this notion precise.

First, we say that two rooted graphs (G, p) and (G’,p') are isomorphic if there is a
graph isomorphism from G to G’ that maps p to p’. Given a rooted graph (G, p), and
an integer R > 0, we denote by Br(G, p) the induced rooted subgraph of G consisting

of all vertices v € G with dg(p,v) < R, still rooted at p.

Definition 1.11. Consider a sequence (G, pp) of random finite rooted graphs. We
say that a random rooted graph (G, p) is the local weak limit of (G, py) if for all finite
rooted graphs (H, prr), and all finite R, the probability that Br(Gy, py) is isomorphic to

(H, pr) converges to the probability that Br(G, p) is isomorphic to (H, pg) as n — oo.

Consider now a sequence (G,) of random finite unrooted graphs, and let p, be a
uniformly-chosen root in G,,. We say a random locally-finite rooted graph (G, p) is the

Benjamini-Schramm limit of (G,,) if it is the local weak limit of (G, pn).
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Examples of weak local limits

o Following Benjamini and Schramm [12], we illustrate why the choice of root is
important. Let B, be the binary tree with n layers, that is, for which |V (B,)| =
2" — 1. When the usual root is chosen, the local weak limit is the infinite binary
tree. When the root p,, is chosen uniformly at random, the distance of p,, from
the layer of leaves in B,, converges to a geometric distribution with parameter 1/2.
So the Benjamini—Schramm limit of B, is not the infinite binary tree, but instead

the canopy tree, with a particular root distribution.

We define the canopy tree by construction. Start with the graph on Z>o where
there is an edge between m and n precisely when |m—n| = 1. Then, for each n > 1,
we add an edge between vertex n and the root of a copy of B,,. The resulting graph
is the canopy tree. Note that if we delete the edge between vertices n and n + 1,
this splits the tree into two components where the finite component is isomorphic
to Bp+1. To complete the description of the Benjamini—-Schramm limit of B,,, we
specify the distribution of the root of the canopy tree by P(p =n) = 2,1%, for

every vertex n € Zx>q.

» Consider the Galton-Watson tree T, corresponding to a critical offspring distri-
bution p with > kugr = 1 and finite variance. Then for each n > 1, let T, be the
random rooted tree given by conditioning 7T, to have total population size equal
to n. Then the local weak limit as n — oo is the size-biased Galton—Watson tree,
an infinite tree introduced by Kesten [38], where vertices have one of two types:
vertices on the (unique) infinite spine have the size-biased version of p as their

offspring distribution; and other vertices have the usual offspring distribution.

o The Benjamini-Schramm limit of G(NV,¢/N) is the Galton-Watson tree with
Poisson(c) offspring distribution. This comparison is particularly useful in the
supercritical regime, where ¢ > 1, for which, with high probability, the size of
the largest component |G| = (1 + o(1)){.N with high probability, where (.
is the survival probability of the corresponding Galton—Watson process. The

following heuristic applies. From the local limit, (. gives the probability that a
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uniformly-chosen vertex is in a ‘large’ component, and then asymptotically almost
all vertices in such large components are, with high probability, in the same giant
component. Full details of this argument can be found in Section 4.4 of van der

Hofstad’s book [68].

1.2.4 Scaling limits

As well as the typical local structure of large trees and graphs, we are also interested
in the global properties of such objects. In some circumstances one can characterise
asymptotic properties of trees via some continuous ‘tree-like’ limit object, such as

Aldous’s Brownian continuum random tree [3].

There are several ways to characterise this convergence formally. One might show
that some functionals of the large trees, such as the exploration processes we have
introduced, converge in distribution as processes (possibly after rescaling) to some
corresponding process associated with the limit tree. For example, consider the height
process (RN, m = 0,1,...,N) for a uniform rooted tree on [N], as defined at (1.12).
We use the formulation of Le Gall [42], although Aldous [4] shows the same result for

the closely-related contour process.

THEOREM 1.12. [42, Theorem 1.15] Let (B“*(¢),0 < t < 1) be a standard Brownian

excursion. Then

1
\/—N(h{VN”,o <t<1) S 2B¥(@),0<t<1), (1.19)

as N — oo, in ID(]0,1],R>0), the space of non-negative cadlag functions with the

Skorohod topology.

More recently, there has been much interest in showing convergence of the trees them-
selves, viewed as metric spaces. Le Gall [43] shows a version of (1.19) for the trees
themselves with respect to the Gromov—Hausdorff topology. Many subsequent authors

have extended these results to other settings, including Addario-Berry, Broutin and
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Goldschmidt [1], who show a metric space limit for the connected components of G(N, p)

in the critical window p = (1 4+ AN~/3)/N.

For the purposes of this thesis, convergence of exploration processes is all we require.
In particular, consider the exploration process (5’% ,m=0,1,...,N) derived from the
breadth-first ordering of a uniform tree on [N] where in each round the new stack
vertices are ordered uniformly at random, as in the first example of Section 1.2.1. Then

we have a similar result

Proposition 1.13. As N — oo

S 0<t<1) S 2B™(1), 0<t<1), (1.20)

1 (
v N
in D([()? 1]7R20>'

By Proposition 1.8, it suffices to check the corresponding result for Galton—Watson
trees conditioned to have size IN. But the exploration process for a Galton—Watson tree
has IID increments as in (1.14). Kaigh [37] proves a version of Donsker’s theorem for
convergence of random walks conditioned on a particular large value for the hitting

time of zero, and we can use this to derive the result (1.20) directly.

Note. Though we state Proposition 1.13 for a specific ordering, it will hold for the
exploration processes corresponding to any ordering satisfying a non-look-forward
condition analogous to (1.13) and (1.16). This version is all we require in Chapter 2,
and avoids the requirement to introduce notation to explain in general how to pass
between the non-look-forward condition in the uniform tree and the non-look-forward

condition in the Galton—Watson tree.

1.3 Self-organised criticality

In nature, we observe systems which are updated by simple local rules, where occasionally
the effects of a single event spread quickly through a large proportion of the system.
Bak, Tang and Wiesenfeld [11] introduced the sandpile model as an intuitively simple

mathematical example. Here, piles of sand accumulate at each point on some lattice,
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until the height of a pile exceeds some threshold value. At this point the pile collapses
completely, and all its grains of sand are redistributed equally among neighbouring piles,
which may then themselves collapse. In this way, a single extra grain may trigger an
‘avalanche’ which spreads through the entire system. This property is sometimes termed
long-range correlation, as parts of the system are occasionally affected by events which

start a large distance away.

These same authors coined the phrase self-organised criticality in [10] to describe the
qualitative properties of this model, where the system is driven to criticality by the
dynamics, from a broad class of initial conditions. Criticality could be characterised
in several ways, but the easiest condition to verify across a broad range of models is
that the distribution of the size of an event in the model has a power-law tail. In the
case of sandpiles, this is taken to be the number of sites affected by an avalanche. In
a graph-based model, it could be the sizes of components, or the sizes of components

affected by a destructive event.

Note that the distribution of component-sizes in G(N,1/N) has a power-law tail.
However, in the Erdés—Rényi random graph, this criticality is achieved only by fine-
tuning the parameter, rather than through self-organisation. In the main examples, the
local dynamics are mostly monotonic, with occasional macroscopic destructive events

acting in the opposite direction to prevent the system becoming supercritical.

Our main focus will be on mean-field frozen percolation and forest fires, two versions of

the random graph process which exhibit self-organised criticality.

1.3.1 Mean-field frozen percolation

The frozen percolation process on a graph G was introduced by Aldous [8] in the
case where G is the infinite binary tree. Informally, we perform classical percolation,
with the restriction that ‘components are not allowed to participate in the dynamics
once they become infinite’. It is important to note that when G is an infinite graph,
constructing a well-defined version of such a process is technically challenging, and

sometimes impossible.
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A mean-field version of frozen percolation on the complete graph on N vertices was
considered by Rath [60] as a modification of the Erdés—Rényi random graph process.
Initially, all the N vertices are declared to be alive, and there may be some (possibly
randomly chosen) edges present. Between any pair of alive vertices, edges appear at
rate 1/N, as in the random graph process, but each vertex also carries an independent
exponential clock with rate A(INV). When the clock rings, we say the vertex has been
struck by lightning, and this vertex, and all vertices in its component at that time are
declared frozen (or dead). Frozen vertices can never become alive again, so as time
advances, the number of alive vertices decreases. Throughout this thesis, we will assume

that the lightning rate is chosen with critical scaling such that
1/N < A\(N) <« 1. (1.21)

The heuristic is that for large IV, small components are never struck by lightning, while

giant components are immediately struck by lightning.

We let GV (t) be the graph of alive vertices at time ¢, and
N 1 . C .
v (1) == N#{ahve vertices in size k components at time t}, k>1,¢>0.

We note that (v (t),t > 0) is a Markov process on /1. Typically we consider such a
process for N € A, some infinite subset of N, and limiting behaviour as N — oo, when

v™V(0) converges to a limiting initial distribution v(0).

Réth [60] shows that when v™V(0) = v(0) for all N € A, and v(0) has finite support,
then vV % v as N — oo in D([0,T], 41) for any T' > 0. Here v = (vg(t), k > 1, t > 0) is
the (unique) solution to Smoluchowski’s equation (1.4). The self-organised criticality of
this model is described via the tails of the limit process, that is the solution to (1.4).
Réth shows that for any solution to (1.4) where the initial distribution v(0) has finite

support, for any t > T,

> up(t) = @(k_l/g), k — oo. ([60], Theorem 1.5)
>k
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We note the requirement that this deterministic initial distribution v™¥(0) = v(0) apply
for all N. Since vV (0) € ZY)/N by construction, except in the monodisperse case
v(0) = (1,0,0,...), this forces us to consider only ng—valued v(0), and convergence

only along an appropriate subsequence.

In Chapter 4, we will introduce this result in more detail and prove a version for a
sequence of mean-field frozen percolation models with initial conditions suitable for our

application, in particular without the requirement that v(0) have finite support.

1.3.2 Mean-field forest fires

The mean-field forest fire is a similar process on the complete graph on N vertices,
introduced by Rath and Téth [61], defined as follows. As in mean-field frozen percolation,
the initial graph on [N] may include some edges (possibly randomly chosen). Between
any pair of vertices, edges appear at rate 1/N, as in the classical random graph process.
Now though, to each vertex we associate an independent Poisson process with rate
A(IV), and we interpret points of each Poisson process as times when the corresponding
vertex is struck by lightning. When a vertex is struck by lightning, all the edges in that
vertex’s current component are removed, reducing the component to a collection of

isolated vertices.

So, in contrast to frozen percolation, the number of vertices is preserved in the forest fire
process, at the expense of monotonicity. Rath and Téth assume again that the lightning
rate is chosen such that 1/N < A(IV) < 1, for identical reasons to frozen percolation.
That is, small components are ‘never’ affected by lightning, while giant components are

‘immediately’ broken into singleton vertices. Again, Rath and T6th consider

1
o (t) == N#{Vertices in size k components at time t}, k>1,¢t>0.

They introduce the following modified Smoluchowski equations to approximate the

evolution of (vV(-)) when N is large.

d [
— g (t 5 Z Hvg_e(t) — kug(t), k> 2, (1.22)
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It is important to note that these equations do not directly describe the evolution of
v1(+). Instead, the second equation controls vy implicitly, by fixing the total mass to
be constant. In particular, unlike the Flory equations (1.6), it is not possible to solve

(1.22) for each k by induction.

R4th and T6th show that whenever - k3vi(0) < oo, there exists a unique solution to
the modified Smoluchowski equations (1.22). Their argument involves showing that an
exponential generating function corresponding to (v (t)) satisfies a version of the Burgers
control problem. They also show a convergence result for the discrete processes, which
is improved slightly by Crane, Freeman and Téth [18]. The latter authors show that
when (vV(+)) corresponds to a sequence of mean-field forest fire processes and satisfies
vV (0) — vy (0) for each k € N as N — oo, and where v(0) satisfies 3" k%0 (0) < oo,
then for every T' > 0,

sup sup |of (t) — vp(t)] > 0,
keN ¢€[0,T]

as N — oo, where v(+) is the unique solution to (1.22).

As Réth and Téth explain, the modified Smoluchowski equations (1.22) admit a sta-

tionary solution

vg(00) 1= % (%f:f) 47k, (1.23)

However, the distribution in (1.23) does not satisfy the third-moment condition

> k>1 k3og(00) < 00, and so, counterintuitively, it is currently not known whether the
stationary solution is the unique solution to (1.22) with these initial conditions. In
addition, it is plausible that any solution to the modified Smoluchowski equations

converges as t — 0o to v(00), but this is also open.

Settling these questions motivates the model of frozen percolation with k types considered

in Chapter 5. We will explain this relation in more detail in Section 5.1.3.
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Critical random forests

In this self-contained chapter, we review Aldous’s results [5] about the distribution of
the sequence of component-sizes in G(N,p), when p = p(N) lies in the critical window
p(N) = W Aldous describes the scaling limit for the largest such components
in terms of the excursions of a reflected Brownian motion with time-dependent drift.
We prove a similar result for the random forest obtained by conditioning G(N,p) to
have no cycles, for the same range of p. We describe a scaling limit for the largest
components of such a critical random forest, but now using a reflected diffusion whose

drift is space-dependent as well as time-dependent.

2.1 Background

2.1.1 The critical window

In Section 1.1.1, we discussed the phase transition of the sparse Erdés—Rényi random
graph G(N,c/N) at ¢ = 1. As with many phase transitions, the asymptotic behaviour
for ¢ = 1 is qualitatively different from the asymptotic behaviour both for ¢ < 1 and
for ¢ > 1. By looking at finer scalings for which Np(N) — 1, we can examine exactly
how this transition from a graph with logarithmic components to a graph with a giant

component takes place.
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e When Np(N) — 1 and N'/3[Np(N) — 1] — —o0, Bollobas [13], who later calls
this the barely subcritical regime, shows that the largest component has size

(1+ 0(1))%531\7) with high probability, where e(N) =1 — Np(N).

» Bollobas [13] also treats the barely supercritical regime where Np(N) — 1 and
fgg;ﬁ[Np(N) — 1] — 4o00. In this case, the largest component has size 2¢(1 + o(1))
with high probability, where ¢(N) = Np(N) — 1. Furthermore, the ratio between
the size of the largest component and the size of the second-largest component is

asymptotically infinite. FLuczak [44] shows the same result for the extended range

N'Y3[Np(N) — 1] = +oo.

o In [44], Luczak studies further the regime between these subcritical and supercrit-
ical behaviours, and establishes the precise scaling range of the critical window,
p(N) = W for A € R. For such p, G(N, p) shares the property of G(N,1/N)
that for each fixed k£ € N, the kth largest component has size ©, (N 2/ 3). However,
as we shall see shortly, different values of A € R lead to different asymptotic

distributions for the component-size sequence.

2.1.2 Exploring a random graph in the critical window

Recall the definition of the breadth-first exploration process (Sy,)m>0, and the application
to G(N,p) introduced in Section 1.2.2. The key observation is that the increments
of this exploration process are binomial random variables. Recall from (1.17) that,

conditional on (Zy, Z1, ..., Zm),

S — Sm_1 £ Bin(N —m — (Zm V 1), p) — 1. (2.1)

Take (SN*);>0 to be the exploration process, and (ZN),,>0 the reflected explo-
ration process associated to the random graph G(N, W), and define the rescaled
exploration process and reflected exploration process respectively as

SN (s) = NTVESS s 2NN (s) = NTVRZ s (2:2)
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It can be shown that when both N and m are large, with high probability Z,, < m.
Therefore, when m = sN?/3, the expectation of the increment in (2.1) is approximately

(A — s)N~1/3. The motivates considering a Brownian motion with drift A — s at time s.

Definition 2.1. For fixed A € R, let W be a standard Brownian motion and let
WA(s) == W(s) + As — 35%.
We call W* a parabolically-drifting Brownian motion. Then define

B (s) := W(s) — m[ion] W (s, (2.3)
s'€l0,s

to be the corresponding refiected parabolically-drifting Brownian motion. We also define
C > C3 > ... to be the lengths of the excursions of B* above zero, arranged in

decreasing order.

Let C{V’A > CéV’A > ... be the sizes of the components of G(N, W), in decreasing

order. Aldous’s main result is:

THEOREM 2.2. [5, Theorem 2] For any A € R, the convergence
N=2B(ENA cNA )y L)),

holds as N — oo with respect to the 62\ topology.
The main ingredient is the following:

THEOREM 2.3. [5, Theorem 3] For any A € R, S¥* — W uniformly on compact

intervals in distribution.

2.1.3 Critical forests and results

Definition 2.4. Let ¥, be the set of forests with vertex set A. We will use the
shorthand Fy for the set of forests on [N]. In this chapter, we consider G(N,p), an

Fn-valued random variable, given for N € N and p € [0,1) by conditioning G(N, p) on
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the event that it contains no cycles. We call G(N, p) an acyclic random graph, and it is

an example of a random forest.

From now on, we take (Sfx”\)mzo to be the following exploration process of G(N, W) .
To make proofs easier, it will be convenient if the sequence (v1,vs,...,vxN) of vertices

in exploration order is breadth-first, as introduced in Section 1.2.1, but with each set of
children in random order. That is, we choose v; uniformly at random from [N]. Then
if v; has exactly k neighbours, we let vg,...,vp11 be these neighbours in uniformly
random order. Now proceed similarly for the neighbours of vy, and so on, choosing
the next vertex uniformly at random from those that remain whenever a component is

exhausted.
We define (ZN}),,>0 to be the corresponding reflected exploration process.

The goal of this chapter is to derive a result similar to Theorem 2.2 for @(N , W)

A reflected SDE

We define the following function

g(z) = 1 / exp(—463/2) cos(at + 463/2)dt, (2.4)
m™Jo

which is the density of a stable distribution with parameter 3/2 that we will introduce

in more detail in Section 2.1.4. Then, we define

Ja™12g(x — a) exp
J§® a3/2g(A — a) exp

a(b,\) =

, b>0,AeR. (2.5)

/ N|/
(=)

Lemma 2.5. The function g defined in (2.4) is positive, bounded, uniformly continuous,
and satisfies g(z) — 0 as x — +oo. Furthermore, the function « is well-defined, and
increasing in its first argument, and satisfies a(b,A\) — 0 as b | 0, uniformly on X in

compact intervals.

We prove all these properties as part of Lemmas 2.22, 2.23, 2.25, and Proposition 2.26

in Section 2.2.6. This function a(b, A) will be the additive correction one must make
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to the drift of the rescaled exploration process in order to account for the condition of

acyclicity, when the height is b.

Proposition 2.6. Consider a standard Brownian motion W (-) with natural filtration
FW. For each A € R, there exists a unique pair of 7" -adapted non-negative processes

Z*, K satisfying:

>\ =
ZX0) = 0, 26

dZN(t) = [N =t — a(Z2(®), ) = t)|dt + dW (¥) + KX(1),

where K*(-) is continuous and increasing, with K*(0) = 0, and [3° Z*(s)dK*(s) = 0.

This result will be proved in Section 2.2.7, and relies on a local Lipschitz property for a

which is established in Section 2.2.6. We say Z* is a solution to the reflected SDE (2.6).

Convergence
Recall that ZV? is the reflected exploration process of G’(N , W) For s > 0 let

SN . ar—1/3 7N\
23N = N2 G

From now on, we fix A € R and let C{* > C3 > ... be the lengths of the excursions of

N.

Z* above zero, arranged in decreasing order. Also, let O} A > C’év A > . be the sizes of

the components of the graph G(N, %_1“), in decreasing order. We define 62\ to be

the set of non-increasing sequences equipped with the £s-topology. Our main result is

THEOREM 2.7. The convergence
N2BENr el oy S e, (2.7)

holds as N — oo in E\.

The main ingredient is the following convergence result for the rescaled exploration

processes, analogous to Aldous’s Theorem 2.3.
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THEOREM 2.8. For each A € R, we have
ZNA 4 g (2.8)

uniformly on compact time-intervals.

The proof of Theorem 2.8 is given in Section 2.2. A few technical details, mostly
related to the fact that « is not globally Lipschitz, are treated in Sections 2.2.6 and
2.2.7. We will proceed by showing that the increments of these discrete (reflected)
exploration processes have expectation and variance which match asymptotically the
coefficients of (2.6). Convergence of the drift is the main challenge, and we require a
technically-involved calculation to treat a binomial distribution tilted by a sequence

enumerating a class of weighted forests.

Theorem 2.7 follows from Theorem 2.8, but a more technical argument is required here
than for unreflected exploration processes. We will use the fact that the components of

G(N,p) are, conditional on their size, uniform trees. This argument occupies Section

2.3.

2.1.4 Acyclic random graphs and enumerating forests

We will make particular use of a result of Britikov [16] that provides asymptotics for
f(N,m), the number of forests on [N] with exactly m edges. Such a forest has exactly

N — m trees, and so

which suggests that an argument using generating functions and Bell polynomials will
be applicable. (A comprehensive general introduction to such methods can be found

in Chapter 1 of Pitman’s notes [59].) Britikov defines a random variable £ with a
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distribution parameterised by a constant x € Ry such that

kk72$k
k!

kkaxk

with normalising constant B(x) = Z
E>1
This normalising constant B(z) is finite precisely when x < 1/e. Taking &1,&a, ... to be

ITD copies of &, we obtain

N!  B(z)N—m

FVom) = e B v = ).

Thus laws of large numbers for £ give asymptotics for f(IN,m). For the range of m we
will be interested in, it is most relevant to consider x = 1/e, for which ¢ is in the domain
of attraction of a particular stable law with parameter 3/2. The density of this stable
law is g(x), as defined in (2.4). The relevant regime of Britikov’s result is summarised

by Luczak and Pittel in [45]:

Lemma 2.9. [45, Lemma 2.1.ii] For any constant ¢ > 0, as N — o0,

V2r NN-1/6 (Qm - N>’ 2.9

f(N,m):(1+0(1))2N_m(N_m)!9 N2/3

uniformly for m satisfying [2m — N|3/N? < c.

As we shall see in the proof of our main result, it follows from this that the asymptotic
probability that G(NN,p) is acyclic in this regime is ©(N~1/). A precise statement and

proof appears as Lemma 2.17 to follow.

2.1.5 Preliminary results

Before starting the main proof, we state a lemma providing a useful relation between

G(N,p) and G(N,p), which we will use repeatedly throughout the chapter.

Lemma 2.10. For all N € N, p € [0,1), there exists a coupling of G(N, p) and G(N, p)

such that E(G(N,p)) € E(G(N,p)) almost surely.
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Proof. Let Py, and I@NJ) be the laws of G(N,p) and G(N, p) respectively, on the set of
graphs with vertex set [IN], which is equivalent to {0, 1}([1;]]). By Strassen’s theorem
[65], it suffices to show that Py ,(B) < Py ,(B) for all increasing events B C {0, 1}([];]]).

Since Py, is product measure on the set of possible edges, the Harris inequality [31]

applies. In this setting, the most useful statement of this result is
Pnp(B N AY) = Py p(B)PNp(A9),

for A any decreasing event, and B any increasing event. Here, take A to be the decreasing
event that the graph is acyclic. From this it follows directly that Py ,(B|A) < Py ,(B),

that is ]?)Np(B) < PNJ,(B). ]

Janson and Spencer [34] give another description of the limit of component sizes in the

critical window for G(N, p). The following result is a consequence of their Theorem 4.1.

Proposition 2.11. Fix A € R. If [CV*(v)| is the size of the component containing a

uniformly-chosen vertex v in G(N , W), then there exists ©* € (0, 00) such that
NTYE[|CNAw)]] - ©*,

as N — oo. Thus by Lemma 2.10, if we now let |CV*(v)| be the size of the component

containing a uniformly-chosen vertex in the conditioned graph G(N, W), we have

limsup N~/SE [0V (v)]] < 6% (2.10)

N—oo

Note. From the coupling (1.1), ©” is increasing as a function of A\, and ©* — 0 as

A — —00.

2.2 Convergence of the reflected exploration process

We will show shortly that the reflected exploration process ZV* has the Markov property.

To show Theorem 2.8, we must check that the expected increments of the rescaled

process ZV:A converge to the drift term in (2.6), uniformly in some sense.
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Proposition 2.12. Fix T, K < oo, and A € R. Then, uniformly on m € [0, TN?/?] and

re (1, pNY3],

NYPE(ZN = ZNM 2N =] = A= i + o jim A - 5Em)] - 0, (211)

m

as N — oo.

The proof of this proposition is completed in Section 2.2.4, after some preliminary

asymptotic calculations concerning forests in random graphs.

It is also necessary to establish the convergence of the variance of the rescaled increments,
and regularity properties that ensure the limit process is continuous and does not stick

at zero.

Proposition 2.13. For any § > 0 uniformly on m € [0, TN??] and r € [1, pN'/3],

2
E[[Zﬁﬁl -z ‘Z%’A = r} 1, (2.12)
N2PP(| 232 = Z)A| > ONY | Z)A =) 0, (2.13)
as N — oo. In addition,
2
liminf  inf  E||Z)2N| | ZNA = : 2.14
i _nt B[] |20 = o] >0 219

The proof of this proposition occupies Section 2.2.5.

In Section 2.2.7, we explain how this pair of propositions is sufficient for Theorem 2.8.
The main ingredient will be Theorem 2.28, a special case from Stroock and Varadhan’s

very general results [66] on the convergence of Markov processes to reflected diffusions.

2.2.1 Stack forests

Definition 2.14. For a graph G, we say a set A C V(G) is separated in G if no pair of

vertices in A lie in the same component of G.
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Recall from Section 2.1.3 that we are considering a breadth-first exploration process of
G(N,p) with uniform ordering within each set of children. For the remainder of this
short section, we will suppress the dependence on N and p from the notation for the
exploration process, since the result to follow holds for all p € (0,1). Then Z,, is the
stack of vertices which have been seen but not explored yet. Note that all the vertices in
Zm are in the same component of G(N, p), since components are explored one-by-one.
In particular, in the graph restricted to [N]\{v1,...,vn}, no pair of vertices in Z,,
lie in the same component, as otherwise there would be a cycle in G (N,p). We refer

to the Z,, trees on [N]\{v1,...,v,} containing each v € Z,,, as the stack forest, as in

Figure 2.1. We can see that the vertices in Z,, are separated in the restricted graph on

[N\ {v1,...,0om}.

roots
AT
LT
/] -
| . AT \
o _p - — 2
S % [ I =2 Jp \ /
b — L i .
Comi)mev\b.s alread Varbias iy cuvvent STAck FOREST T-\\\f
(:'«Al(»} &fF(c.'ecl component wlnd hawve Stk “ (\ ;Bme‘
- bean 6/\“) U(PM
Fig. 2.1 Nlustration of the definition of stack forest
Now, suppose we condition on {vy,...,v,} U Z,,, and the structure of G(N,p) on

these m + Z,, vertices. Then, the graph restricted to [N]\{v1,...,v,} has the same

distribution as

é([N]\{Ula s ,’Un},p),

with the extra condition that no pair of vertices from Z,, lie in the same component.

We expand this explanation considerably in the proof of the following lemma, which for-
malises the claim that (Z,,)m>0 is Markov, and characterises its transition probabilities

via separation of the current stack in the remainder of the graph.
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Lemma 2.15. For any m > 0, and r > 1,

]P)(Zm+1 - Zm =/—-1 ’ Zm =T, Zm—l =Tm—1,-- .,Zl =S ?”1) (215)

x (N B ZL a T)pe(l - p)N_m_T_Z]P’([r + ¢ — 1] separated in G(N —m — 1,p)),

for{=0,1,...,N —m —r.

Proof. Because the vertices are exchangeable in both G‘(N ,p) and the exploration
process, the LHS of (2.15) is unchanged by conditioning further on which vertices are

seen during the initial phase of the exploration process. That is, if we define the event
B .= {Zm = T,Zm_l :T'm_l,...,Zl =T, (vl,...,vm) = (1,...,m),

Zm:{m+1,...,m+r}}

then

P(Zm+1—Zm:£—1|Zm:T,Zm,1:’r‘mfl,...,Zl:7"1) (216)

= P(Zmi1 — Zm =L —1]|B).

Note that B is defined in terms of (r1,...,7n_1,7). Also note that since G(N,p) is
acyclic, this richer conditioning exactly specifies the neighbourhoods of vertices 1,...,m.
That is,

B = T@G)=4; Viem], (2.17)

where each A; C [m + r] is also a function of (r1,...,7n—_1,7). Furthermore, on B, the
number of edges in the graph incident to at least one vertex in [m] is a constant, say €[m]»
depending on (r1,...,7m—1,7). Obviously, the converse direction of (2.17) is generally
false since there are extra sources of randomness in the construction of the exploration
process. However, we can show the Markov property by restricting attention to those

forests on [IN] for which the conclusion of (2.17) holds.
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Let Ay be the set of forests H on [N] for which 'y (i) = A; for ¢ € [m]. Then, we claim

that
]P’((vl, co o) = (1,...,m) | G(N,p) = H) is the same for every H € Ay.

This claim follows because, in turn, each v; depends only on a uniform choice from the
remaining N — i + 1 vertices in the graph (in the case of starting a new component), or

a uniform choice of orderings of |T'r(j)| neighbours, for some j < i (otherwise).

Consider any H € Ay. Given that G(N,p) = H, the event B holds if and only if

(v1,...,vm) = (1,...,m). Therefore

IP’(TB |G(N,p) = H) is the same for every H € Ay. (2.18)

Now let A’y be the set of forests H' on [N]\[m] for which {m + 1,...,m + r} are
separated. There is a bijection Ay — A’y given by restricting the vertex set. Note
that, while Ay depends on the whole sequence (71, ..., rm—_1,7), the restricted set A’y

depends only on r. So

P(Zins1 — Zm = £ —1|B)

x 3 ]P(B |G(N,p) = H)P(G(N,p) = H)]l{degH“N]\[m] (m+1) =10}

HeAn
(219)
> P(G(N,p) = H)1{degy,,,. ., (m+1) =}
HeAyn
[N]
o Y pPHla -p)l(3 )\E(H)’]l{degff\m]\[m](m 1) =4
HeAn

o petml (1 — p)Nm=(%) ~etmi

xS pEENa | (BNEED g g (m 1 1) = 0}
H'eA

' [N]\[m] ’
x Z EH) (1 — )‘<N2 )\E(H)|]l{degH/(m+1) = (}.
HleA/
Note that H' € A’y implies that Tg/(m + 1) N {m + 2,...,m + r} = @&. Then,

exchangeability of the vertices {m + r + 1,..., N} allows us to consider a specific
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neighbourhood of vertex m + 1 in H’, rather than merely its degree.

P(Zpi1 — Zm =€ — 1| B) x <N_Z’_T>

< 3 PPN ) TN g m 1) = {1, om0
H'eA

Now, simply by removing vertex m + 1, there is a bijection between the set of forests
H' € Ay for which Tgy(m+1) ={m+r+1,...,m+r+ ¢} and the set of forests on
[N]\[m + 1], for which {m +2,...,m +r + ¢} are separated. Recall from Definition 2.4

the notation JF|n\ (m1) for the set of forests on [N]\[m + 1]. We then have

_ N—-m-—r P ¢

[N]\[m+1

J\E(E) ’]l{{m—i—Q cevyeo.,m~4 1+ £} separated in F'}.

x S pE@I-pl

FET NI\ [m-+1]
Then, considering the sum as the probability of an event in the weighted random forest

on N —m — 1 vertices, we obtain

PIPRRINPI LSS PRI

IP’([T + ¢ — 1] separated in G(N —m — 1,p)),
and so the required statement follows using (2.16). O

We want to quantify exactly how large a probabilistic penalty is incurred by adding an

extra vertex to the stack, and so will consider limits of the quantity

IP’([T + £] separated in G(N —m — 1,p))
]P’([r + ¢ — 1] separated in G(N —m — 1,p)) '

Given a graph in which [r 4+ ¢ — 1] are separated, the conditional probability that r + ¢
is also separated depends on the size of the stack forest rooted by [r 4+ ¢ — 1]. So we
will calculate the expected size of a stack forest in Section 2.2.3. It will be useful to

have precise asymptotics for the probability that G(IV, p) is acyclic, which we derive in
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Section 2.2.2. We then use this to calculate the probability that the stack forest has a

particular size.

2.2.2 Enumerating weighted stack forests

In this first section, we consider the probability that G(IV,p) is acyclic. Recall f(NN,m)

is the number of forests with vertex set [N] and exactly m edges. Therefore

N-1 m
P(G(N,p) acyclic) = (1 —p)(3) 3" #(N, m)(lp) . (2.19)
m=0 b
We call this quantity F'(N,p).

Lemma 2.16. For any N > 0 and any p € (0, 1),
1
F(N.p) 2 FOV+ Lp) 2 FV.p) 1= 3NPE[[CY @) 220

where C™VP(v) is the component containing a uniformly-chosen vertex v in G(N, p).

Proof. Graphs with zero, one or two vertices are certainly acyclic, so F(0,p) = F(1,p) =
F(2,p) =1, the statement is true for N = 0,1. We assume from now on that N > 2.
We can define a forest on [N + 1] via the restriction to [N] (which is clearly also a forest)
and the neighbourhood of vertex N + 1, where the latter must obey some conditions
to avoid cycles. We take P to be a probability distribution which couples G(N,p) and
G(N + 1,p) such that E(G(N,p)) € E(G(N + 1,p)), P-a.s. Recall that in a graph G,

for v € V(G), I'(v) is the set of vertices connected to v by an edge in E(G). Then
F(N +1,p) = F(N,p)P(T'(N + 1) separated in G(N,p) | G(N, p) acyclic),

and so the first inequality in (2.20) certainly holds. Now, for any set A C [N], the
event that A is separated in G is decreasing, while the event that G is acyclic is also

decreasing. So, again by the Harris inequality,

F(N +1,p) > F(N,p)P(I'(N + 1) separated in G(N,p)),
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and so
_F(N+1,p)

< P(I'(V + 1) not separated in G(N, p)). 2.21
F(N.p) (I'( ) p (N, p)) (2.21)

Observe that the event that I'(/V 4 1) is not separated in G(IV,p) is the union over

i,j € [N] of the events
{i,j both in T'(INV + 1) and both in the same component of G(N,p)}.
Thus, by exchangeability of the vertices in [N],
P(I'(IV + 1) not separated in G(N,p)) < (g)ﬁ P(1 and 2 in same component of G(N,p)).

Then, if |CV?(1)] is the size of the component of G(N, p) containing vertex 1,

E[jc¥e)]] -1
P(1 and 2 in same component of G(N,p)) = N1

We conclude that

<

i < S NPE[lCY )],

) ]

P(I'(N + 1) not separated in G(N,p)) < (
from which the result follows, using (2.21) and the fact that the vertices in G(N,p) are

exchangeable. 0

Recall the definition (2.19):

N-1

F(N,p) :=P(G(N,p) acyclic) = (1 —p)(g) Z f(N,m) <1€)m
m=0 p
Now, using the asymptotics for f(N,m) in (2.9), we obtain asymptotics for F(N,p).
Here, and in subsequent sections, some rather involved calculations are required, and
in some places, various expansions have to be taken to fifth order. To avoid breaking
the flow of the main argument, we postpone several detailed proofs, including for the

following lemma, until Section 2.4.
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Lemma 2.17. Fix A~ < AT € R. Given p € (0,1), let A\ = A(N,p) = NY3(Np — 1).
Then
P(G(N, p) acyclic) = (1 + o(1))g(A)e**V/2rN~1/6, (2.22)

uniformly for A € A7, A*] as N — oo.

Motivated by the definition of stack forests, for each 0 <r < N, let Ay, C Fn denote
the set of forests where the vertices 1,...,r are separated. Furthermore, given a forest

F € Any, let k. (F) be the sum of the sizes of the components containing vertices

1,...,r. We also define

AN,r,k = {F € ‘AN,T7 kr(F) = k}, (223)

the set of forests where 1,...,r are separated, and their stack forest has size k.

Definition 2.18. Given p € (0,1) and N, N’,r, k € N satisfying N’ < N, and r < k <

N, we will use the following rescalings:

k
_ . a71/3 . _ —
A_A(N)p) _N (Np 1)7 (I—CL(N,]C) T N2/3,
r N - N’
b= b(N,’l”) = W’ S = S(N, N/) = W (224)

For much of this and the following sections, it will be necessary to make estimates
uniformly across several variables. For constants 7' < 0o, and A~ < AT, and 0 < € <

K < oo, we let
IV A6, K, T) = {(N’,p, r,k) eNx (0,1) x Nx N : s(N,N’) € [0, 7],

AN, p) € [\, A*], (N, ) € e, K], & € [r, KN?/]}.

We also define the following, which includes a broader range of r,
WA KL T) = (N, pr k) € N x (0,1) x Nx N 2 s(N,N') € [0,T],

A(N.p) € [\ XL 7€ [LENYS) k€ [r KN?9).
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In addition, we define the projections of both of these sets into their first three entries
NN, AT, e, K, T) = {(N’,p, r) : s(N,N') € [0,T], \(N,p) € [\",AT], b(N,r) € [e,K]}.
BTN KT) = {(N,p,r) « s(N,N') € [0,T], \(N,p) € A", A", r € [1, KN

The following lemma gives uniform asymptotics for the probability that G(N’, p) lies in

AN k- The proof is postponed until Section 2.4.2.

Lemma 2.19. Fix constants A™, A", ¢, K, T as in Definition 2.18. Then,
P(G(N',p) € A i) = (14 0(1)eAg(A — s — )N~ =3/2 (225

X exp(_b()\ — 8) _ % + M)’

uniformly on (N',p,r, k) € UN(A~, AT, e, K,T), as N — oc.

2.2.3 Expected size of the stack forest

We now condition on [r] being separated in G(N’,p), and obtain an estimate on the
expected size of the corresponding stack forest. Recall from (2.24) the definitions of
b="0b(N,r) and s = s(IN, N’), the rescaled stack size, and the graph vertex deficit count,

respectively.

Lemma 2.20. Fix constants A~, A", K, T as in Definition 2.18. Then,
N2 [k (G(N', p)) | G(N', p) € Ay | — ab, A = 5) =0, (2.26)

uniformly on (N, p,r) € Y ( A=, A", K,T), as N — oc.

Proof. We can rewrite the expectation in (2.26) in terms of the unconditioned random

graphs G(N',p) as follows.

S, k‘P(G(N'aP) € AN’,r,k)
]kV:,r P(G(N/,p) € ‘AN’,r,k)

E [k, (G, p)) | G(N',p) € A, | =
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_ S KP(G(N',p) € Antr)
S P(G(N',p) € Anv k)

(2.27)

We shall see that both of the sums in (2.27) are dominated by contributions from
k= O(N?/3).

In order to use Lemma 2.19, we assume € € (0, K) is given. We will first show that
(2.26) holds uniformly on WN (A=, A" ¢, K,T). Then, at the end, we will take € — 0.

We also select M > K, which we will take to co shortly.

We write h(a,b) := a=3?g(\ — s — a) exp(%) exp(—b%/2a). Since g is
bounded, h(a,b) — 0 as a — 0 (indeed uniformly on b € [¢, K], A € R, s € R>(), so
fOM h(a,b)da < oo for all M < co. We observe that for all A € R and a > 0, we have

exp(w) < 1. It also holds that

: 0 (A—s—a)®—(A—s)> . (A—s—a)? (A—s—a)3—(A—s)3

ael[%,fK] %0 {exp(ﬁ)} = inf ]{— 5 } exp( 5 ) > —00.
A,sER A, s€ER

The function h therefore has the following uniform continuity property. For any compact

set A C Ry x Ry and for all € > 0, there exists 6 = d(e, A) > 0 such that whenever

(a,b),(a',b') € Aand |a —d'| < § and [b—b'| < 6 then
|h(a,b) — h(d,b)| < e, VAER, Vs € Rso.

Furthermore, h is bounded away from zero on A, uniformly in A and s. We may now
use Lemma 2.19 to approximate every summand in (2.27), uniformly over the required
range. (Recall from (2.24) that a is a linear function of k.) So

[MN?2/3] ,
> P(GIN'p) € Anrpp) = (14 0(1)BN O exp( b\ — s) — AT 4+ 3)
k=r

o« N2/3 /OM a"3?g(\ — s —a) exp(()‘_%_a)3> eXP(_%)da7

[MN2/3] .
S° KP(G(N',p) € Anr k) = (1+0(1)bN O exp(—b(A — 5) - 0525 1+ 3)
k=r
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M
X N4/3/ a 29\ —s—a) exp(@) exp(—%)da, (2.28)
0
uniformly on (N, p,r) € U)'( A=, A", e, K,T), as N — oo.

Observe, by comparison with the definition of « in (2.5), that

MNZ2/3
lim N‘2/3Z’£=7‘ VKP(G(N',p) € Anv )
M—c0 ZLA:{{VQM P(G(N’,p) c ‘AN’,r,k)

= (14 o(1))a(b,A —s),

uniformly on (N, p,7) € U (A~, A\t ¢, K, T).

Therefore, to apply (2.27) to verify (2.26), we must check that the contribution to the
expectation from the event that the size of the stack forest is larger than M N?2/3 vanishes
as M — oo. From (2.28), the contribution to the numerator of (2.27) from summands
for which k € [r, [M N?/3]] has order N=%/6x N*4/3 = N1/2. So to verify (2.26) uniformly

on WY (A\7, AT, e, K, T), it will suffice to check that the following statement holds:

N/
lim limsup sup N—1/2 Z kP(G(N',p) € Anr i) = 0.
M=00 N—voo (Npr)eld (A= X6, K.T) k=|MN2/3

(2.29)

The stack forest is not too large

To show (2.29), we will show that the sequence (kP(G(N',p) € AN’ k) )k>r is eventually

bounded by a geometric series. From the definition of F'(N,p) in (2.19), we have that

N\ _ (N—k —r k—r
P(G(N,p) € Anrx) = (1 —p)(3)-("2") @’_ r) (ﬂp) P R(N — k).
(2.30)

An explanation of where each term in this expression comes from is given in the proof
of Lemma 2.19 in Section 2.4.2. We will use this to control the ratio of the probabilities

P(G(N',p) € AN’ ) in the following lemma.
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Lemma 2.21. Given the same constants as in Lemma 2.20, there exist constants

M < oo and v > 0 such that

(k+ DP(G(N',p) € AN k+1)
kP(G(N',p) € An' k)

<1—yN72/3, (2.31)

for large enough N, whenever (N, p,r) € W)Y (A=, A", K,T) and k € [MN?/3 N' —1].

This lemma is proved in Section 2.4.3. But then, we can bound (2.29) via a geometric

series as
N [MN?3P(G(N',p) € Ao rarnaror )
N2 KP(G(N',p) € Anr i) < N71/2 N
Z , (G(N',p) € Anr i) < 1— (1—yN-2/3)
k=MN2/3

By Lemma 2.19, this RHS is

(1+ 0(1))1\#1/211\72/3 -MN?33Mg(\ — s — M)N~>/Spr=3/2
Y

X exp<—b()\ —s) — % + (/\_S_M);_(’\_s)?))

=(1+ O(l))M_1/26_b2/2M exp(()‘fsfM)(isf()‘fs):S) X gAN—s—M)

X

e3/4 —s)3
dy bexp(—b()\ —5) — %)

(A—s—M)3—(A—s)3

Recall that g is uniformly bounded above and exp( ) < 1. Then observe

6
that M~1/2¢b"/2M 5 (0 ag M — co. Therefore
N/
lim limsup sup N-1/2 Z kKP(G(N',p) € Anr i) = 0.
M=00 Nooo (N'pr)ew (A= 36 KT) k= MN?/3)

So we have finished the proof of (2.29), and thus we have shown that (2.26) holds

uniformly on W)Y (A=, \* e, K, T)).

Small stacks

To finish this proof of Lemma 2.20, it remains to extend the convergence to uniformity

on r € [1, [Kn'/3]], rather than on [[eN'/3| [KN/3]].
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Recall from Lemma 2.5 that a(b,A\) — 0 as b ] 0 uniformly on compact intervals in \.
In particular
lim lim sup sup a(ﬁ, A — s) = 0. (2.32)

€70 N—oo AEA AF]
s€[0,T],7€[1,eN1/3]

Before Definition 2.18, we defined k,.(F') for a forest F', but we can extend the definition
to a general graph G with vertex set [IV]. If |C(d)] is the size of the component containing
vertex i € [N], then let k.(G) := |C(1)| + ...+ |C(r)|, so some components may be
counted at least twice. In particular, k,(G) is an increasing function of graphs. However,

for any r, the set Ay, is a decreasing family of graphs. Therefore
E[k(G(N',p)) | G(N',p) € Aw:,] <E[ke(G(NV',p))] <rE[ICV?(1)]],  (233)

where |CV'?(1)] is the size of the component containing vertex 1 in G(N’,p). From

Proposition 2.11, for the range of N’, p under consideration,

lim sup sup N_l/gE[|CN/’p(1)|} <0 <o (2.34)
N—oo N'€[N-TN2/3 N]
A(N,p)E[AT,AT]

We now take r < eN'/3 in (2.33), and apply (2.34) to obtain

lim lim sup sup N2PE[k.(G(N',p)) |G(N',p) € Anr,] < lim O =0.
e—0 N—o00 N’E[N—TNZ/S,N] e—0
AN, p)EAT A
re[l,eN1/3]

So, with (2.32), this gives

l%limsup sup ‘N_2/3]E[kr(G’(N’,p)) |G(N',p) € Anr ] —a<ﬁ7)\—s)’ =0.
7% N—oo N'¢[N-TN?/3.N]
AN, p)eA™,AT]
r€[1,6N1/3} ( )
2.35

We already know that (2.26) holds uniformly on ¥V (A=, At ¢, K, T). So, combining
with (2.35) and taking e small shows that (2.26) does hold uniformly on (N’,p,r) €

U (A=, AT, K, T), as required for the full statement of Lemma 2.20. O
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2.2.4 Proof of Proposition 2.12

Recall that Ay, C Fy is the set of forests on [N] where vertices 1,...,r are separated.

Let F' be a uniform choice from Ay ,. Then

N -k
N —7r’

P(F S ‘AN,T+1 |F € -AN,r,k) =

as the labels of the k — r other vertices in the stack forest containing vertices [r| are

uniformly chosen from {r +1,..., N}. Furthermore, Ay ,4+1 C An,,, and so
P G ) € AN+t _
(G ) = P(G(N,p) € Anyi1| G(N,p) € An,)
IP’( E -ANr)
N — -
= ZP(G(N,}?) € Anri1|G(N,p) € AN,r,k)
k=r
(G(N p)E.ANTk‘G G.ANT)
N —E[k(G(N,p)) | G(N,p) € An,]|
- N-—7r '

It follows that uniformly on (N’,p,r) € WY (A=, A+, K, T), as in Lemma 2.20, as N — oo,

B P( (N',p) € -AN/,rJrl)

N3 11 - — a5, A—5) = 0. (2.36)
P(G 6 .AN/ ) (Nl/s )

Now we can return to the increments of ZV, the exploration process of G (N, W)
Recall Lemma 2.15, which asserts that

P(Zpy = Zmt == 1| Z0* =r) oc B(BN "m0 = )

X]P)(G_’(Nimi ]-7p) G‘AN—m—l,T—l—Z—l)a EZ 07
where BN="="P ~ Bin(N — m — r,p). So we define
P(G(N —m —1,p) € AN 1,401
qév’m’r = ]P’(BN_m_T’p = €) X ( — ) (2.37)

P G(N —m—= 1ap) € AN—m—l,r—l)
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Therefore we also have P(Zn]\{i‘l — ZNA =0 1| 2N = r) o g,"™". From (2.36), the

quotient in (2.37), which we will think of as a weight, should be approximately

(1- o A — 52 )N ),

and so we will be able to approximate > qév’m’r by the probability generating function
of BN=m=7P_Indeed, this approximation only breaks down when r +/¢ —1 > KN 1/3
that is, outside the range of (2.36). From now on, we assume K = 2p. Therefore, for
any & > 0, for large enough N, we have, for all m € [0,TN?/3], r € [1,pN'/3], and
¢ < NVA,

P(G(N —m—1,p) € Anomrspemt) L

_ r+i— _ m— . _/
P G(N—m— 1,p) E‘AN—m—l,r—l) < 11;[0(1 (a( ;1/31,)\ NQ/;lg) 5)]\[ 1 3).

By uniform continuity of «, since the range of ¢ in this product is asymptotically

negligible relative to N/3, we can further say that for large enough N,

P(G(N -m—1,p) € AN—m—1,r+£—1)
P<G(N —m—1,p) € -AN—m—l,r—l)

< (1- (o m A~ s ) - 6)N‘1/3)£.
An identical argument gives

P(G(N -m—1,p) € AN—m—1,r+£—1>

V4
P(G(N —m—1,p) € AN m 151) ’

~1/3
2 (1= (o(im A= i) +8)V )
under the same conditions. From now on, we write a%ﬂ" = a(ﬁ,)\ — #) for
brevity.

N,m,r

Keeping § > 0 fixed, we now address the sums > ;2 qév’m’r and Y 72,(¢ — 1)g,
(Note first that both qév T and q{v’m’r — 1/e, so these sums are uniformly bounded

below.) For large enough N, we have, again for all m € [0, TN?/3], r € [1, pN'/3],

N—m—r [N1/4] y
S o< IP’(BN —m—rp _ z) (1 — (N, - 5)N—1/3) T IP(BN —m=rp > N1/4)
/=0 /=0

<[@-p) +p(1-(ah, - 6)N*1/3)]N_m_r +P(BN-mre > N1
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Now, note that
[0 -p) +p(1— @, — N = [1 - (0l N L o)
from which we find that

NUJL [ - p) (1= (ol = N )T (- 6) vo. 2

uniformly as N — oco. The probability JP’(BN —m-rp > N1/ 4) decays exponentially with

some positive power of IV, so we have shown that for large enough N,
N—m—
> g <1— (ahl, —25) N7V (2.39)
=0

Under the same conditions,

N—m—r

Z qév’m’r >1- (a%}r + 25)]\7_1/3.
=0

Now we consider the sum Eqé\]’m’r.

N—-—m—r N—m—r ,
Z fqé\ﬂm,r < Z E]P(BN—m—r,p _ Z) (1 _ (a7Nn’T _ 5)]\7_1/3)
£=0 £=0

+ NP(BN-m=re > N1/
< (N —m—r)p(1-(a), - HNTI/?)

<[ =p) +p(1- (@, — N (2.40)

4 NIP(BN*WW > N1/4).

N-m—-r—1
We can treat the term [(1 - p) +p(1 — (o, — 5)N‘1/3)} as in (2.38). We

also have

(N =m—r)p(1 - (ah,

)

— NV =14 (A= 3 — (ahr, = 0)) N34 O(N ),

m,r

(2.41)
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So, in a similar fashion to (2.39), we establish

N—m—r
S g <1+ ()\ — 2, . +30 — NZLB)N_U?’, (2.42)
=0
and
N—m—r
Z P P R ) L

Therefore, (where each successive statement holds for large enough N)

Zé\fom Tf NmT‘_ZN m—r Nmr

N, N, N _
E[Zm-i-l_Zm |Zm —T‘] EN m—r Nmr

(A — 20}, +36 — N2/3>N_1/3 T (a%’r I 26)N‘1/3

<
- L+ (A—all, — 20— B )N-13
< (>\ —al - B+ 66)N*1/3.
Similarly
E|Zn - =r| > (A —all, — 35 - 60) N,

and so since § > 0 was arbitrary, (2.11) follows, completing the proof of Proposition

2.12.

2.2.5 Proof of Proposition 2.13
Variance of increments

We can show (2.12) using the estimates from Section 2.2.4. Recall the definition of
g"™" from (2.37). As in (2.40), we have

N—m-—r

> Ut —1)q, Nom.r (N—m—r)(N—m—r—1)172(1—(04,]7\]17T—(5)N71/3)2

=0
X {(1 - D) +p(1 — (a%’r _ 5)N—1/3)]N—m—r—2

+ NP(BN-mre > N,
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Again, we use (2.38) and (2.41). Similarly to (2.42), we have

N—m—r
_ N,m, _
+(2 =3, — 45— LN < ST 0(0-1)g) "™ < 1+ (20— 3a)), 2o )N,
(=0
In particular, we obtain
N—m-—r N—-m—r N—m—r N—m-—r
Z (6_12Nmr_ Z f _1 Nmr_ Z ENmr_’_ Z qur_>1’
£=0 £=0 £=0

uniformly, which is exactly (2.12).

Jumps in the limit

For any m € [N],

(12 = Zh* > ONY3) < P(Jv € [N], deggy ) (v) > IN'/?)

Lemma 2.10
LT P(3v € V], degg g (v) > INV)

< NP(deggy,) (1) > ON'/3).

But degg(yp)(1) ~ Bin(N —1,p), and so for any ¢ > 0, this final term vanishes

exponentially fast. So (2.13) follows.

Speed at the boundary

Finally, we check that the discrete processes (Z™V) do not get stuck at zero. Conditional

on ZNA =0, Zﬁ Ji‘l, is the number of neighbours of v, 1. Heuristically, we note that if

this number of neighbours is either zero or one, there is no possibility for v,,+1 to be

contained in a cycle. By the same argument as led to Lemma 2.15, we have

]P’(Z N =1]zZN* = o) - P(BN—m—Lpzl) C(N—m—1)p

m

P(Zhh =0[zh* =0)  BBYe=0) - 1-p

Therefore

P(Zﬁﬁl =1]z}* =0)
liminf  inf N > 1,
Voo mel0 N P(Z0 = 0] Z0 = 0)
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and so

2
liminf  inf E[[ZYN]7 2N = 0] >
pninf it [[ mH} | Zp? =0] >

N | =

as required for (2.14).

This completes the proof of Proposition 2.13.

2.2.6 Regularity of a and proof of Lemma 2.5

In this section, we prove various regularity properties of the function g defined in (2.4),
and from this the technical properties we require about «. In particular, the content of

Lemma 2.5 is a subset of what follows.

Properties of ¢

Recall from (2.4) the definition of ¢

1 [ .
g(x) = —/ exp(—%tdﬂ) cos(xt + §t3/2)dt.
™ Jo

We now prove a lemma which justifies all the regularity properties of g which are

required elsewhere.

Lemma 2.22. The function g defined in (2.4) is smooth and positive. Furthermore,

it is bounded, uniformly continuous, and satisfies [>° (r)dz < 0o and g(x) — 0 as

r=—c0 9

xr — too.

Proof. The key fact, which emerges from Britikov’s proof [16] as introduced in Section
2.1.4, is that g is, after stretching by a factor (2/3)2/3, the density of the canonical
stable distribution with self-similarity exponent o = 3/2 and skewness 8 = —1. See for
example Zolotarev’s book [73] for a more general introduction to such distributions and
their properties. In particular, g is positive and smooth. Then g is certainly bounded as

1 o0
lg(x)| < — exp(—%t?’m)dt < 0.
0

™
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It is clear from the Mean Value Theorem that | cos(z) — cos(y)| < |z — y|. Uniform

continuity of g then follows as

|$_y| > 4,3/2
l9(2) —g(y)l = — /Otexp(—gt )at,

and this integral is finite. Since g is a density, it has finite integral, and then the claim

that g(x) — 0 as x — £oo follows from uniform continuity. O

o is well-defined and monotone

For k € N, we define

Ji(by A) == /0 a 29\ —a) exp(%) exp(—%)da, b>0,AeR. (2.43)

Lemma 2.23. For each k£ € N, this function Jj is well-defined and continuous, and has

partial derivative with respect to b given by

%Jk(b, A) = —bJiga(b, N). (2.44)

Furthermore, the function a(b, A) := iEZig defined in (2.5) is also well-defined, continu-

ous and differentiable with respect to b.

Proof. To show that Ji(b,\) < oo, we consider the integral in (2.43) separately over

the ranges a € (0,1] and a € [1,00). We have

/1 a *2g(\ —a) exp(“}“)3> exp(*%)da < 6A3/6/1 g(A—a)da <oo,  (2.45)

and

1 1
| a 2000 = @y exp( O exp( 4 )da < g [ a2 exp (42 )da < oc.
(2.46)

Thus we have Ji(b, ) < oo.
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Since the bounds (2.45) and (2.46) hold locally uniformly in (b, A), continuity of Jj

follows from the dominated convergence theorem.

We introduce some notation for the integrand in (2.43):

Jilab.2) = a7 *2g(A — a) exp (D52 ) exp ().

Fix by > 0, and let B C R be some interval containing by. Clearly both ji(a,b, A) and
%jk(a, b, \) are continuous on Ry x B x R. Now take some b~ < inf B and b™ > sup B.

Then we have

jk(aabv)‘) Sjk(a7b77)‘)7 ‘%jk(aaba)‘)‘ < b+jk+2(a7bia)‘)7 Vbe B,a>0,A€eR.

We have already shown that [;° jr(a,b~,A)da < oo and [5° jr12(a, b, \)da < co. So
we may differentiate (2.43) inside the integral at b = by (and by was arbitrary), to obtain,

forall k > 1,

%J}C(b, A) = —bJgia(b, ). (2.47)

1 EZ?; follow immediately, since J3(b, A) > 0

Well-definedness and continuity of a(b, A) := 4
for all b > 0, € R, and furthermore «(b, \) is differentiable in its first argument as

required, with

) bJ1 (b, A)J5 (b, \)

—a(b,\) = - 2.48

a0 J5(b, \)2 ’ (248)
through two applications of (2.47). O

Proposition 2.24. «(b, ) is increasing as a function of b.

Proof. Heuristically, we can view (2.5) as the expectation of a with respect to the measure
with density a=3/2 exp(%)g()\ — a), weighted by a factor exp(—%). Increasing b
reweights in favour of larger values of a, so (b, \) is increasing in b. We make this

formal with the following lemma.
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Lemma 2.25. Let f, h be functions Ry — R, such that h is strictly increasing, and

/0 af(a / fla (2.49)

the integrals

exist and are finite. Then

I~ af(@h(a)da _ [5* af(a)da
I fh(a)da ~ [ fla)da " (2.50)

Proof. Note if the integrals in (2.49) exist, then so do the remaining two integrals that

appear in (2.50). First, it is clear that for any ¢ > 0

[ [ rasem@ade> [~ [ f@sone)dde
a=c Jb=0 a=c Jb=0

since h(a) > h(b) over this range. But clearly also we have

/ 7 Ha)f0)ha) db da = / T Fa) FB)Rb) db da.
a=c Jb=c a=c Jb=c

Adding these two relations, and integrating over ¢ € Ry, we obtain

/Cooo/aooc booof(a)f(b) (a )dbdadc>/ /ac A of (b)h(b) dbda de
S s@sem@acasda> [~ [ [* ) ene) dedsa

([ as@r@ae) ([ rmrav) > ([~ ar@da) ([ romw ).

exactly as required. O

To apply the lemma to a, fix A € R and let ¥’ > b, and set

fla) :==a"32g(\—a) exp<(A_6a)3) exp(—%),

and

h(a) := exp (f b,22;b2 ) ,
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which is strictly increasing. We conclude from the lemma that

a,\) > ab,\), bV >b.

This completes the proof of Proposition 2.24. O

Lipschitz property of «

The following proposition establishes the behaviour of a(b,A\) as b | 0 in the sense
required to complete the proof of Lemma 2.20. It also establishes a Lipschitz condition

for «, required in Proposition 2.6 for the well-posedness of the reflected SDE (2.6).

Proposition 2.26. Given —0o < A~ < AT < 0o, we have

lim sup «a(b,A\) =0. (2.51)
bl0 xe[A—A+]

Furthermore, given p < oo, there exists a constant C' < oo such that « satisfies the

Lipschitz condition

(b, A) — a(b, \)| < Clb—V|, bd € (0,p], A€ [A",AT]. (2.52)

Proof. To show (2.52), it suffices to prove the following;:

sup
be (0, AEA = AH]

— . 2.
Salb /\)‘ < oo (2.53)
The steps we take to prove (2.52) will also allow us to read off (2.51). Recall the

expression (2.48) from the proof of Lemma 2.23:

0  bJi(b, \)J5(b, A)
o) = AN —b. (2.48)

From Lemma 2.23, we know that %a(b, A) is continuous, and so to verify (2.53),
it remains to consider the limit as b | 0. We examine the behaviour of each of

J1(b,\), J3(b, \), J5(b, \) in this limit.
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First, we consider J;. We define
Y (A) = e’\3/6/ a~?g(\ - a)da,
0

which is seen to be finite by a similar decomposition to (2.45) and (2.46). Then

and so by monotone convergence we have as b | 0,

sup  |J1(b,A) —y1(A)] — 0. (2.54)
AE(—o0,AT]

Substituting u = % into (2.43) gives

b2

J3(b,\) = ?/0 u=2g ()\ — %) exp<()‘_62“)3> exp(—u)du.

So we define

B = V2 [T a2 exp(—u)du
0

and then by dominated convergence and uniform continuity of g,

lim sup |bJ3(b,A) —v3(\)| = 0. (2.55)
blO Xe(—o0,a+]

A very similar argument can be deployed to obtain

lim sup ‘b3J5(b, A) — ’Y5(>\)‘ =0,
bl0 Ae(—o0,At]

where

Y5(A) := 2\/§g(/\)e)‘3/6/ u'/? exp(—u)du.
0



2.2 Convergence of the reflected exploration process 57

So we can return to (2.48), which we rewrite as

9 abn) = Ji(b, A) - b3J5(b, )

b (bJ3(b,N\)2 b.

We now take the limit b | 0, for A € [A™, AT]. The denominator is uniformly bounded

away from zero for A € [A™, AT]. So we obtain

(M)A

lim sup ga(b,)\) = 0. (2.56)

bl0 \e[r-2+]1 0D
Now, 73,75 are clearly continuous, and = is also continuous by the same argument as
given for continuity of Ji in the proof of Lemma 2.23. Furthermore, 73 is positive, and
so we have

A i A) > 0.
e 71(A) < o0, Aeﬁl—lf&ﬂ%( ) >0

Taken with (2.55), the latter shows that

lim inf  J3(b,\) = oo.
bl0 Ae[A— A+

Therefore, since a(b,\) = j;ggig, using (2.54) as well, we obtain precisely the first

required statement (2.51).

For similar reasons, we have

max 1A% < 00. (2.57)

AT 3(A)?
Since %a(b, A) is continuous on (0, p] X [A7, AT], from (2.56) and (2.57), it’s clear that

sup ga(b, )\)’ < 00,
be(0,p], AE[A—,AT] ob

from which (2.52) follows. This completes the proof of Proposition 2.26. O
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2.2.7 Existence of Z* and proof of Theorem 2.8

First we prove Proposition 2.6, which asserts that Z* is well-defined.

THEOREM 2.27. [62, §IX 2.14] Let o(s,z) and b(s, z) be functions Ry x Ry — R,
and W a Brownian motion. For zy > 0, we call a solution to the SDE with reflection

€, (0,b) a pair (Z, K) of processes such that

1. the process Z is continuous, non-negative, FW-adapted, and

2(t) = 20 + /O (s, Z(s))AW (s) + /O "b(s, Z(5))ds + K (t). (2.58)

2. the process K is continuous, non-decreasing, vanishing at zero, ¥"-adapted, and
o
/ Z(s)dK (s) = 0. (2.59)
0

If 0 and b are bounded and satisfy the global Lipschitz condition
|o(s,2) —a(s,y)| + [b(s, ) = b(s,y)| < Clz —yl,

for every s,x,y € (0,00) and some constant C, then there exists a solution to e, (o, b),

and furthermore this solution is unique.

Proof of Proposition 2.6

We now return to the existence of Z* as in (2.6), for fixed A € R. In this setting
o(s,z) =1, but
b(s,z) :=A—s—a(x,\—s), (2.60)

is neither bounded below nor satisfies the global Lipschitz property. However, by
Proposition 2.26, for any R > 0, we can define b¥(s, ) such that b¥(s, z) is bounded
and globally Lipschitz in z; and (s, 2) = b(s, 2) whenever (s, z) € [0, R] x [0, R]. Then
Theorem 2.27 asserts that there is a unique pair of processes (ZMf, K1) corresponding

to this drift, where ZM%(0) = 0.
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Let 78 be the time at which ZME first hits R. Take R’ > R. Then, it is clear that
ZME s equal to ZMF up to time R A 74 almost surely. Also, since b(s, x) is bounded
above by ), it follows that 7% — 0o as R — oo almost surely. Therefore, we may
define

ZMt) = lim ZME(1),

R—o0

for almost all paths of W, and Z*. It is immediate that Z* satisfies (2.6). Furthermore,
any solution (Z*, K*) to (2.6) must coincide with (ZM KMF) up to 7%, and so

uniqueness of (Z*, K*) follows as well, as required for Proposition 2.6.

Convergence of non-negative Markov processes

A general framework for showing convergence of Markov processes to the solutions
of SDEs was introduced by Stroock and Varadhan in the 60s (see, for example, [67]).
The convergence of Markov processes to reflected diffusions is treated in [66] in high
generality, allowing for general boundaries in R¢, and inhomogeneous stickiness at the

boundaries.

We summarise the conditions and statement of Theorem 6.3 from [66] in a relevant

special case:

THEOREM 2.28. Suppose a family of non-negative-real-valued Markov processes
(ZN)m>0 is given, and a pair of functions o(t,z) and b(t, ) satisfying the conditions of

Theorem 2.27. Now, fix T' > 0, and suppose that Zév = 0, and the following hold

N'E [Zt]y\fz/s+1 - ngz/s | ngz/s = le/:%] — b(t, ),

2
E[[Zt]y\/ws—i-l - Zt]}[vz/:a} ’ th}fm/?’ = 1’N1/3] — o(t, 55)27

N2/3IP>(Z;]VV2 joiy = o > 8| ZNas = le/?’) 0,
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as N — oo, for any § > 0, uniformly for ¢t € [0,7] and x in any compact interval in

(0,00). Finally assume that for some € > 0,

lﬂl&f :pEN—}I/ngﬂ[O e IE“thv2/3+1 o ZtN2/3} ’ Zynoss = zN'P | > 0. (2.61)
te€[0,T7] ’
Then, defining
ZN () = N—1/3ZgN2/3J, t € 0,7, (2.62)

we have ZN % 7 , uniformly on [0, 7], where Z is the unique solution to the reflected

SDE eq(0,b), as defined in Theorem 2.27.

Note. The condition (2.61) is required to ensure instantaneous reflection at the bound-

ary, rather than absorption, or sticky reflection.

Proof of Theorem 2.8

Now let ZV* be the exploration process of G (N, W) Again, in our setting, we

must account for the fact that the drift of Z* is neither bounded nor globally Lipschitz.

Recall from (2.60) and the following paragraph the definitions of b(s,z) and b%(s, z).
For any R € N, we can construct a Markov process (ZNM m > 0) whose transition
probabilities coincide with those of ZV:* whenever m € [0, TN?/3] and ZNM < RN1/3,
and for which, by Proposition 2.12,

1/3 N,\,R N,\R N,\R 1/3 R
NV E[ZtN2/3+1 — ZN 2N = aNY } — bR(t, 2),

uniformly for ¢ € [0,7] and = in any compact interval in (0, 00). Thus ZNAE - defined

from ZNAR as in (2.62) satisfies ZVA 4 ZAR uniformly on [0, T7.

From this, it is clear that

IP’( sup ZN”\’R>RN1/3> — 0,
me[0,TN2/3]
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as R — 0o, and so as processes on [0, 7], the law of ZNAR converges to the law of ZNA

as R — oo, and the law of ZMF converges to the law of Z*. Thus we obtain (2.8).

2.3 Excursions and component sizes

In this section, we will prove that Theorem 2.7 follows from Theorem 2.8.

As in Aldous [5], we must check that excursions of the limiting reflected SDE are
matched by excursions of the discrete exploration processes. In particular, it must
happen with vanishing probability that a zero of the limiting process appears only as the
limit of small positive local minima of the discrete processes. In addition, we must show
that there are with high probability no large discrete components which appear late
enough in the exploration that they are not represented in the limit. Several stages of
the argument will be based on a comparison of G(N,p) and the original model G(N,p),

for which some of the results are easier, or known.

2.3.1 Sizes and labels of critical components

First, we establish the notation we will use to describe the sequence of rescaled component

sizes. Fix T > 0, then:

e Let (C{V’A, C’é\w‘, ...) be the sequence of sizes of components of G(N, W),

in non-increasing order.

e Analogously, let (C{V’)"T, Cév’)"T, ...) be the sequence of sizes of components of
(;( N, W) which have non-empty intersection with {vy,... , V| TN2/3 J}7 an

initial segment of the breadth-first ordering introduced in Section 2.1.3. That is,
least one vertex has been seen by step |T'N 2/ 3] of the exploration process. Again,

we assume the sequence is ordered such that C{V A Cév A

Lemma 2.29. Fix AT € R. Then

lim limsup sup P(CVA > ~N2/3) = . 2.63
i limsup sup (O = yN23) (2.63)
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Proof. By Lemma 2.10, it suffices to show (2.63) when C{V’A is the size of the largest
component in the unconditioned random graph G(N, W) Let CN’)‘(U> be the

component of G(N, W) containing v, a uniformly-chosen vertex in [N]. Observe

that for A < AT,

E[I0% )] 2 [0 w)] = P

7N2/3IP’<C{V”\ > 7N2/3)'

Therefore, from Proposition 2.11,

limsup sup ]P’(C{V”\ > 7N2/3) <
N—oo A<\t

C
7
and so (2.63) follows. O

The following lemma shows that critical components will with high probability include

a vertex with label O(N1/3).

Lemma 2.30. Fix € > 0, and A™ € R. Then

lim limsup sup ]P(EI cpt C in G(N, W) . |C] > eN?/3 (2.64)

=00 Nooo A<At
and C' N {1,..., LI‘Nl/BJ} = @) =0.

Proof. Applying Markov’s inequality to (2.10), and summing over all vertices,

lim sup sup N_Q/?’IEH{U € [N] : ‘C’N’A(U)‘ > EN2/3}H < @)\+.
N—oo A<M+ €
Therefore,
limsup sup E[#cpts C in @(N, W) s.t. |C] > 6N2/3} < @—j

N—oo A<M\t €

Then, since the labelling is independent of the component sizes in G(N, p),

limsup sup E|#cpts C in G(N, W) s.t. |C| > eN?/3
N—oo A<Mt

and Cﬂ{l,...,ﬂ‘nl/g‘j}:g}
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N—|TN1/3
or' . ( LEEVQ/?’J J)
<—5 X lim ~
€ N—oo (LEN2/3J)
eN*

< 2 exp(—Te),

where the final deduction follows by a routine application of Stirling’s approximation.

The result follows immediately. O

We now use the previous result to show that the largest components will typically
appear near the start of the exploration process. This will be important later, since if
large critical components appear arbitrarily late in the exploration process, then they

cannot be treated via convergence on compact intervals.

Lemma 2.31. Fix € > 0 and AT € R as before. Then

Tlgréo hJIan;lop )\s<u£)+ IP’(EI cpt C' in G(N, W) . |C] > eN?/3 (2.65)

and Cﬂ {Ul, e 7UI_TN2/3J} = @) = 0
Proof. Fix I' > 0. We define the events

ANET . (IO ()] + |V @) 4.+ [CV(IPNYB)| > TN,

BNl = {Fept € in G(N, ALY 1[0 > N2 on {1, [INYA]} = o},
as in Lemma 2.30. Then, by Markov’s inequality,

rN1/3E[|0N»A(1)|}

P(ANTT holds in G(N, M) <

TN2/3 ’
So by Proposition 2.11
_ iy o' T
li P(ANDT holds in G N, HAN2Y) < . 2.66
o sup P(AY ol G(NBER)) < 57260

Whenever G(N, W) contains a component of size at least eN?/3 which is not

exhausted during the first TN?/3 steps of the exploration process, at least one of ANT-T
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and B¢ must hold. So take I' = /T, then let T — co. By (2.66) and Lemma 2.30,

the result follows. O

2.3.2 Components and excursions up to time 7' - notation and outline

We first show that for any 7' < oo the excursion lengths in the exploration processes on

the interval [0, 7] appear correctly in the limit.

In everything that follows, we work on the probability space (€2, F,P) whose existence is
guaranteed by the Skorohod representation theorem, where ZNAFZRS gx ith respect
to the topology of uniform convergence on compact intervals. Recall that throughout

14AN /3
N

this section, A € R is fixed, and p = , 80 henceforth we suppress A from the

notation.

Let CI > CT > ... be the lengths of excursions of Z* above zero which have non-empty
intersection with [0, 7], in non-increasing order. We will prove the following convergence

result for the components seen within the first TN?/3 steps of the exploration process.

Proposition 2.32. Fix T >0 and k£ > 1. Then as N — oo,

N2BENT oMt eNTy 4 (of cf,....cf). (2.67)

The proof occupies the rest of this subsection. Throughout, we write

oNT — (C{V’T7,,,,C’]J€V’T), and CT=(Cf,...,Ch).

The concern is that the reflected exploration process might regularly approach zero
without actually hitting zero, and thus starting a new component. To show that this
effect does not appear in the limit, we use the fact that the components of G(N,p)
have the structure of uniform random trees. Then we can approximate the exploration
process within a component by a Brownian excursion, and show that the probability of

zeros in the limit which do not correspond to the start or end of a component is small.
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Definition 2.33. Given two sequences a = (a1,...,ax), b = (b1,...,b), let at, bt
denote the sequences rearranged into non-increasing order. Then, we say a = b or a

weakly majorises b if for every £ < k,

¢ ¢
Zaf > be

=1 =1

It is easy to check that this gives a pre-order on (R U {c0})*, and a partial order on

non-increasing sequences finer than the standard ordering.

We will prove Proposition 2.32 by stochastically sandwiching C” between any weak

CN’T CN,T,5

limit of , and any weak limit of a related sequence of lengths associated
with ZV, which will be defined shortly. This stochastic ordering will be with respect to
weak majorisation. The two directions of this sandwiching argument occupy the next
two sections. Finally, we show that for small enough 4, these outer distributions are

close in the sense of the Lévy—Prohorov metric.

2.3.3 Limits of component sizes stochastically majorise excursion lengths

CN’T

We show that limit points of majorise C7, P-almost surely.

For any reference time s € [0, 7], we define
as) :==sup{t < s: Z(t) =0}, o¥(s):=sup{t <s:ZY(t) =0},

B(s) :=inf{t € [s,00) : Z(t) =0}, BY(s):=inf{t e [s,T]: ZV(t) = 0}.

It will be convenient to avoid values of s where o and S~ are non-constant, so we

define
Q:= |J Nz

NeN

We also define the event

UEIEES {ZN — Z uniformly on [0, 8(T")], Z continuous on [O,B(T)]}.
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Since B(T) < oo almost surely, and ZV — Z uniformly on compact intervals, we have

IP’(\I/T) = 1. It follows easily that on W7,

limsup o™ (s) < a(s), liminf 8V (s) > B(s), Vs € [0,T]. (2.68)
N—o0 N—oo

Now, on ¥, given Z, choose s1, ..., s; € [0, T]\Q such that each s; lies in the ith longest

excursion of Z, which has non-empty intersection with [0, 7). That is, 8(s;) —a(s;) = CT.

Now consider any limit point

(&(Sl)a' (Sk) B( )a"'aB(Sk)7éfa---vég)v (269)
of (&N (s1),...,aN(sk), BN (s1),...,8N (s1), NT,...,C’,iV’T), as N — oo, where we
allow C{ and at most one of the 3(s;) to be co. By compactness, we can be sure that

there are such limit points. To avoid introducing extra notation, we will assume that

(2.69) is a true limit, rather than a subsequential limit.

By (2.68), for any ¢ < k,

y4
UO_JSZ :_>

=1 %

[a(si), B(s4)],

-

1

where the sets in the union on the right-hand side have disjoint interiors. By construction
of & (s;), B (s;), any pair of intervals [ (s;), BV (s;)] and [a!¥(s;), B (s;)] are either
equal or disjoint. Therefore the intervals in the union on the left-hand side are either

equal or have disjoint interiors. So let I'; C [¢] be some set of indices such that

L
[a(si), B(si)] # [alsy), B(sj)l, Vi#jeTle, and |J[a(si),B8(s:)] 2 Jlalsi), Bsi))-

i€l i=1

Furthermore, we may demand I'y CI'y C ... C I'y. Thus

¢
Z(B( Sz ZZ 51 - 31 )

i€ly
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That is,

(Bs1) = ls1),- -, B(siry1 ) = @50, )2 05---,0) = (B(s1) — als1), .-, Blsk) — alsk).
(2.70)

For any N, and any s € [0,T]\Q, the interval [o/V(s), 3V (s)] is associated via the
reflected exploration process with exactly one component of G(N ,p). The size of this

component is at least (8Y(s) — a™ (s))N%/3.

Note. The two cases where the size of the component is not equal to (3Y (s)—a™ (s))N?/3
are: 1) when 8V (s) = oo; 2) when ZV(s) = 0. In the latter case, since we have excluded
the possibility s € N=2/3Z, it must hold that ZV is locally constant and equal to zero

around s, so the component has size 1.

For large enough N, the intervals {[a(s;), B3V (s;)] : i € 'y} are disjoint, and so

N_z/S(C{V’T, .. .,C]iv’T) b <6N(81) - OéN(Sl), .. 'aBN(3|Fk|> - OéN(8|Fk|),0, . ,O)

Since majorisation is preserved under limits (as the relation is a finite union of closed

sets in R¥ x R¥), we obtain
(CT,..CF) = (Bs1) = als1), -, B(sir) — @(syp,), 0., 0).

So, combining with (2.70), we obtain
(CTL,....chy=(cl,....chH), (2.71)

which holds for every limit point (CT,..., C_',z) of CNT on the event ¥7 and so, in

particular, P-almost surely.

2.3.4 Stochastic sandwiching via excursions above ¢

We now bound C7 stochastically (in the sense of weak majorisation) in the other

direction.
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Fix some 6 > 0. For any realisation of the path ZV, the set DNOT .— {s €
[0,7] : ZN(s) > 6} is a finite union of left-closed, right-open intervals. Let CV9T =
(C{V ’5’T, ceey C,iv ’5’T) be the sequence of the k largest lengths of those intervals which are
contained within the support of some excursion of ZV (above zero) which has non-empty
intersection with [0,7]. These are arranged in decreasing order, augmented with zeros
if necessary. Certainly, for any §, CN'T = CNOT for each trajectory of ZV. We will

show that CT majorises limit points of CN:%T again P-almost surely.

Again, we work on the event 7. Then, consider DT := {s € [0,T] : Z(s) > 0}, the
collection of open intervals where the limit process Z is positive. On W7, for large
enough N, we have ZV (s) < §/2 whenever Z(s) = 0, and so DV4T C DT, Therefore
the sequence of all interval lengths in DN:%T" in non-increasing order is majorised by the

corresponding ordered sequence of interval lengths in D”. So in particular
N6 T N,6T
(CT,....,CE)y = (Cy7 ..., C0),
for large enough N, and hence on W7 any limit point C%7 of CN47 satisfies

(CcT,....chy= (@, ....coh.

By (2.63), the collection (CNV'7, CN:9T) 1 is tight in RF x R*. Let CT,C%T | be any
joint weak limit of CVT CNOT  Since IP’(\I/T) = 1, by combining with (2.71), we have
shown that

CT =y CT =y COT (2.72)

2.3.5 Comparing CV7 and CV*7 via uniform trees

We will now show for small §, any weak limits CT, C%” are close in distribution in the
sense of the Lévy-Prohorov metric on R¥. To do this, we have to bound above the
probability that the exploration process drops below height N/ in the middle of an
excursion above zero of width ©(N?/3). The components of G(N, p) are, conditional on

their sizes, uniform trees. We will apply results of Aldous in [3] to show that the large
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excursions of ZV are well-approximated by Brownian excursions. We then use this to

bound the probability that ZV hits § without hitting zero.

Let Tk be a uniform choice from the K*~2 unordered trees with vertex labels given
by [K]. Then, let 1 = SgK,SlqK,...,S;(K = 0, be the corresponding breadth-first
exploration process. The appropriate rescaling to consider is then S7x (s) == \}S (Ks)’
for s € [0,1]. Recall from Proposition 1.13 that

(87 (s),5 € [0,1]) 5 (B=(s), 5 € [0,1)), (2.73)

where B®* is a standard normalised Brownian excursion on [0, 1], and convergence is in

the uniform topology.

We say the event x™V'7(4, ¢,7) holds if 3M, K € Z>o with NQ/J > ~, and N2/3 < T, such
that {vas, ..., Va4 1} is a component of G(N,p), and
Im € [eK, (1- K] st. ZV (Mg <. (2.74)

That is, G(N,p) has a component of size at least v N 2/3 which is seen, at least partially,
in the exploration process before time TN2/3, and for which the exploration process
takes a small value in the interior of the interval defining the component. Now, given
any M, K, and conditional on the vertices {vas,...,var+k—1}, and the statement that

they form a component, the structure of this component is a uniform tree. That is,
N N d o7 T
(Znts -+ Zaryr—1) = (51750, SKF).

Therefore the following processes on s € [0, 1] can be identified in distribution:

(7 (80) = (") £ (500) = (75700)
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Therefore, for every M, K, conditional on any choice of vertices {vyy,...,vpr4x-1}, the

probability that (2.74) holds is equal to the probability that

; &T N1/3
Se[lg}lf_d STK(s) < 70 (2.75)

By assumption %5 < 4125, and by (2.73), and the Portmanteau lemma,

limsupP( inf S7%(s) <4725 | <limsupP| inf S7%(s) < 2y71/%6
K—o0 s€le,1—¢] K—oo s€le,1—¢]

< ]P’( min B%(s) < 271/25>.

s€le,1—¢]
Therefore, we obtain

lim supIF’(XN’T((S, e,’y)) < E[# cpts size > vN?/3 seen before TN?/3 in ZN]

N—ro00
X IP’( min B(s) < 27—1/25>
s€le,1—€]
limsupP(XN’T(5, e,’y)) < (I + 1) P( min B(s) <2y Y25 |. (2.76)
N—oo v 56[6’1_5]

Given €, 7, we can choose § > 0 so that the RHS of (2.76) is arbitrarily small. Now, fix
some 7 > 2¢, and consider the event ™7 (6, %, €). Then, when V7' (4, %, €), does not
hold, for every component with size K > eN?/3 there is a unique excursion of ZV above
SN'/3 of length at least K (1 — %) We call such an excursion above N2 a principal
excursion. If we also have C¥ < yN 2/3 then the length of any principal excursion is at

least ' — eN2/3. Thus, any other excursion above §N/3 within the component of size

K, has length at most eN2/3.

So, consider any ¢ < k such that CfV’T > ...C’Z-N’T > eN?/3. Then, on xN7 (9, %,e)C

and {CN < yN?/3}, at most i — 1 elements of CV:%T can be larger than CiN’T. These

are the principal excursions obtained from each of C’{V ’T, . ,C’i]\i lT . No other excursions
above N?/3 obtained from C{V ’T, e ,Cﬁ f are relevant, since they have lengths at

most eN2/3. However, these principal excursions from C’fv ’T, e CiN T all have length
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at least C’iN T - £). Thus we obtain

O = et > e (1 - £) = ¢ — eNB, (2.77)

And so

limsup P maX‘CiN’T — CZ-N"S’T’ > e | <lim supIP’(C{V > 7) + lim supIP’(XN’T(é, 5 e))
N—oo i€[k] N—oo N—oo v

For fixed € > 0, letting 7 — oo we can make the first term on the RHS small, and then

by letting d | 0 we can make the second term small. In particular, we can demand

limsup P maX’CZ-N’T - CZ-JV75’T‘ >e| <e (2.78)
N—o00 i€[k]

Now, recall CT,C%T is some joint weak limit of (CNT ,CN:9T). Let m be the usual
Lévy-Prohorov metric for probability measures on R, with respect to the £ norm on

R*. From (2.72) and (2.78), we have for each ¢ > 0,
m(L(CT), L(C*)) <e, T <xCT < CT.

From this, it is easy to see that 7(£(C7T),L(CT)) < ke. Since € > 0 is arbitrary, we find

cl C, and thus the required convergence in distibution (2.67) follows.

2.3.6 Proof of Theorem 2.7

In both the discrete exploration processes and the limiting SDEs, we would expect the

k largest components/excursions to appear early. From (2.65),

§e>:1.

By comparing the drifts, we can couple Z* and B* as defined in (2.3), such that

lim sup lim sup P <maX‘C'N’T —cN

- i i
T—oo N—oo i€([k]

ZA(t) < BA(t) for all t > 0. The largest excursion of B* above zero is almost surely
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finite, and so the same holds for Z*. Thus

limsupIP’<(C;‘F, Oy =(Cy,.. .,Ck)) =1.

T—o00

So we can lift (2.67) to conclude

as N — oo.
Finally, we show convergence in 62\. To lift (2.79), we require
(o]

< 00, E[Z(CZ)Q

i=1

< 00.

limsupE [Z(C’ZN’)‘)2

By Lemma 2.10, it suffices to show the first of these with for G(NN, p) instead of G(N, p).
This appears as Corollary 5.2 in [34]. From the coupling of Z* and B?, it suffices to
show the second bound for the excursion lengths of B*. This result is shown as Lemma

25 of Aldous’s original result [5].

This completes the proof of Theorem 2.7.

2.4 Detailed combinatorial calculations

In this section we give proofs of three detailed lemmas required for the proof of
Proposition 2.12 in the previous sections. We begin by restating and proving Lemma

2.17.

2.4.1 Proof of Lemma 2.17

Lemma. Fix A\~ < At € R. Given p € (0,1), let A = A(N,p) = NY/3(Np — 1). Then

P(G(N, p) acyclic) = (1 + o(1))g(A)e**V/2rN~1/6, (2.80)
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uniformly for A € (A7, A\T] as N — oo.

Proof. For this range of p, we will see that the sum in (2.19) is dominated by contributions

on the scale m = % + )‘N;/s + ©(N'/?). Shortly we will be required to approximate

these relevant contributions in detail, but first we show that contributions from outside

this regime vanish as N — oco. We consider those m for which

2

‘m_N_AN/ i>N3/5
2 2 -
n(().p). s )

Let B ~B1n((2),p). Since f(N,m) < (12/),

v [N/24+AN2/3 /2 N3/5] " N—-1 m
(1-p)() { > FN,m)(i5)" + > FN,m) (1)
m=0 [N/24+AN2/3 /24 N3/5 |

<P(|B- ()p| = N*?)

Var(B) _ N?p 14 AtN-1/3
- N6/5 — 9N6/5 — IN1/5

< N6, (2.81)

Here we used Chebyshev’s inequality, which is sufficient for our purposes, but note that
the probability of this moderate deviation event for B decays exponentially in some

positive power of N.

Given A € R and m < N € N, define x = z(N,m,\) = %{m—%—%} Then,

we consider the set of m satisfying

< N3/5 that is, |z| < V2N/10, (2.82)

2 2

| N  AN2/3

Thus

2(N —m)

N =1 AN _\aeN~V2,

N—m:%_%Nz/?’_\%Nl/Q, and so
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From this, we obtain

2(N —
log((Nm)> = ANTYE _\2pNTV2 XN\ ope N0

_ %3N—1 _ sz—l _|_ O(N_16/15),

uniformly on the set of m defined at (2.82). In calculating the scale of this final error

term, we use that |z| < v/2N/10. Then

(N —m) log( o ) [% N2/3 4 Nl/? A;Nl/s + %NW i %3 n %}
[AjNus Az N1/6 }

+ [ N1/6+33]+O( ~1/15)

_AN2/B _ x N1/2 4 A2 N1/3 L Az £r1/6

N fN + N ﬁN

_ %42 o(n),

We now return to (2.9) and use Stirling’s approximation and the expression we have
just shown, as well as continuity of g. Uniformly on the set of m in (2.82), (for which,

recall, N —m = (1 +0(1))N/2),

f(Nvm):

\/%NN’U6 2m — N
I+ o) ov=mn = m)!g< N2/3 )

_ gOVETNT )
= (o) G — = ()

= (1+0(1))g(\) V2N exp(N — m) exp(~(N — m) log (2
= (1+ o(1)gWVIN" 2 exp(§ — JNF — £ N1/2)

x AT1/2 A2 ar1/3 Xz arl/6 7_:v72
L NI/2 AN M N/ 2)

= (14 0(1))gM)V2N"™ P exp(§ — NP — AL NV6 L X — o) (283)

X exp(%]\ﬂ/3 +

Now, we have

(et () o

2
= - 3N 41 o(NTUB), (2.84)
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and also

N
log(l_pp> = log(1+ AN"Y3) —log(1 — p)

= ANV RNTEL RNTLL N O(NTY),
At this point, recall the definition

m=5 4+ N3 4 %NW.

So, uniformly on the set of m for which |z| < V2N ag before,

N ,
mlog<1p> = [%NQ/?’ — )‘TZNI/?’%—)‘%—F%}
p

+ [NV = ] 4 N4 o(NTE), (2.85)
where each bracket corresponds to a term in the definition of m.

Therefore, combining (2.84) and (2.85), uniformly in the same sense,

N

(1-p)2) ()" = (1 +0(1)N " exp(—F + F NV 4 ALNVE_ X 12} (2.56)
Combining (2.83) and (2.86), we obtain
(1—p)(3) (%p)mf(zv, m) = (1+0(1))g(MV2N " exp(~25 + ). (2.87)

We now fix N and A, and sum this quantity over the range of m given by (2.82). Recall

that x is linear in m, with scaling factor %, and so as N — oo, the sum of (2.87)

over this range of m converges after rescaling to a integral. That is,

[N/2+AN?/3 /24 N3/5]
(%) p )™
(1-p)2 > Fv,m) ()
m=|N/2+AN?/3/2—N3/5|
N/24AN2/3 /24 N3/5
= 3/4 —2/3 —x2/2
= (14 0(1))e**g(N\)V2N v Z/ 1 e

m=|N/24+AN2/3/2-N3/5|
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N—1/6 S
V2 S
= (1+ o(1))e*4g(\)V2r N~/

2
e "2y,

= (1+0(1)e*g(M)v2

Combining with (2.81), which showed that contributions to the sum (2.19) outside this

range of m are o(N~1/6), we obtain the required result. O

2.4.2 Proof of Lemma 2.19

We restate Lemma 2.19.

Lemma. Fix constants A™, A", ¢, K, T as in Definition 2.18. Then,
P(G(N',p) € Ayrri) = (1+0(1))g(A — s — a)/AN"5h=3/2 (225

X exp(_b()\ — 8) _ % + M)7
uniformly on (N',p,r, k) € UN(A~, AT, e, K,T), as N — oo.

Proof. We will add the required uniformity in N’ at the end of this proof. First, we
show

P(G(N,p) € Anrp) = (14 0(1))g(A — a)e*/ A N=5/6pq=3/2 (2.88)
X exp(—b)\ — % + 7(/\_(%3_/\3)7
uniformly on (p,r, k) such that (N, p,r, k) € ¥V(A~, At ¢, K,0), as N — oc.

Subject to the constraint that vertices 1,...,r are in different tree components, with
sum equal to k, there are (],X::) ways to choose which remaining vertices are part of this
stack forest. Given this choice, we can view the trees as rooted at the vertices [r]. In
particular, Cayley’s formula states that there are rk*~"~! such labelled rooted forests.

Hence

P(G(N,p) € An i) = (1—p)(g)(f;’_—:)(l%p)k”rkkfrq 3 f(N—k,m)(l%)m.
2
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By Lemma 2.17, uniformly on (p, k) and any (arbitrary) r such that (N,p,r k) €
V(AT AT 6, K, 0),

N—-k—-1
N—k

(1=p)02) > f(N=kom) (1) = (14 o(1)gA(N = k, p))e*/*v2rN=1/5.

m=0

Recall that this final sum is, up to a power of (1 — p), the probability that G(N — k, p)

is acyclic. We also have

AN = k,p) = (N = aN**)13[(N — aN?/3)p — 1]
= (1+o(1))N/3 [(Np 1) - aN*l/ﬂ

= (14+0(1))[MN,p) —a+ o(1)].

So, again uniformly on (p,r, k) such that (N, p,r, k) € V(A= A1, ¢, K, 0),

N—-k—-1
N-—k

A=) 3 f = km) ()" = (14 o(1)g(A - a)e¥/V2r N0 (2.90)

m=0

N N—k k—r
We now carefully address the other terms in (2.89), starting with (1—p) (3)-("2") (1%0) .

Recall that Np = 1+ AN~Y/3. Firstly

log[(l + AN1/3)’H} = [aN?5 —pNB| ANV — 2N L O(N )]

= AaN/3 — \p— 2a 0(N*1/3).

Also

()= (3" —hr= - O+ f—kty
= Nk - +0(N?3)

— aN®/3 _ §N4/3 + O(N2/3>,

from which

tog| (1 — ) ()~ (V3" -b+r

y%ﬁf>mﬂ

= logl(l — N Lo \NY3
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= [aN®3 — ENY34 O(NY3)|[-NTT = AN 4 O(N72)]

= —aN%? — \aN'? 4 € NV/3 1 2 +O<N‘1/3>.

From this,

(1 _p)(g)—(NrZ’“)(%)k_T

= (1+o(1)N~*) exp(—aN¥? 4 G NS — 2b+ A (a - V). (2.91)

Turning now to the binomial coefficent (],X::) in (2.89), we treat each factorial separately.

First observe that

log [(1 - bN2/3)N_bN1/T = [N —oN3] [coN2  o(NP)]

= —bN3 L O(NT3).

N—aN?/3]

g (1~ an 1) = [N a2 [N N o(N49)]

a2 a3 _
= —aN*? + $N'3 4 2 4 O(N~1?)

aN?/3_pN1/37
log [(1 — 2]\7*1/3)

_ [aN2/3 . le/s} {_ngl/S . %Nfz/za + O(N’l)}

— _pN/3 4+ %_FO(NA/:;).

Then Stirling’s approximation gives

V2T N

)N—bN1/3
eN—bN1/3

(N—bN1/3)! = (1+0(1)) (N—bN1/3

V2r N :
=(1+ T N=bN(E exp(—bN1/3>

o)) ymwm
V2rN
eN—aN2/3
V2T N

N—aN?/3 2/3 2 171/3 3
NV exp(—aN/ + 2NV +%)

V21V aN?/3
caNZ/3_pN1/3 (aN2/3 N le/B)

V 27V aN2/3 aaN2/3*bN1/3N%[&NQ/S—le/S]

eaN2/3—bN1/3

)N—aNz/ 3

(N = aN¥3)1 = (14 o(1)) (N —an?

= (1+o(1))
aN?/3_pN1/3

(aN?/% = bNYE)1 = (14 0(1))

= (1+0(1))

exp(—le/3 + %)
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So we obtain

(Z/:__ , ) — (14 o(1)) Ama (@ 0N 1/2) N @b (2.92)

2 2 3
xexp(aN2/3— %Nl/?’— 12771 - %)

The final ingredient of (2.89) is the term

plkr=1 _ paaN¥3—bN/3 -1\ 2 [aN?/3 DNV 5 (2.93)
To recover (2.89), we study the product of (2.90), (2.91), (2.92) and (2.93). Note that
exp(—% + ATGQ - %3> = exp(%). So we can treat all of the terms in (2.89)

uniformly on (p,7, k) such that (N,p,r, k) € UN(A~, At ¢, K,0), as N — oo and obtain

(2.88) as required.

We now finish the proof of (2.25), where in addition we require a uniform estimate
over N’ € [N — TN?/3 N]. We consider (N',p,r, k) € UN(A~, At e, K,T) as N — oc.

Observe that
X = AN, p) = (14 0o())AN.p) = 5), N = (1+0(D)N, (2:94)

bV :=b(N',r)=(140(1)b(N,r), da =a(N, k)= (1+o0(1))a(N,k). (2.95)

Now fix 6 € (0,€). Then, for large enough N,

(N/7p7 T, k) € \IIN()\77 A+, €, K, T)

= (N',p,rk) e UV A\ =T —6AT +6,¢—6,K +6,0). (2.96)
Certainly N — TN?/3 — oo as N — o0, so by (2.88) and (2.96),
P(G(N',p) € Api) = (1 + o(1))g(X — a')eHAN'=5/51/ /=32

X exp(—b')\' R 7(/\/%237)\/3),
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uniformly on (N',p,r, k) € N (A=, AT, e, K,T) as N — oo. Finally, using (2.94), (2.95),

and the fact that g is uniformly continuous, we may conclude
P(G(N',p) € Anrrk) = (1 +0(1))g(A — s — a)e AN —5/0pq=3/2

as required, uniformly on (N',p,r, k) € N\~ , A", e, K, T). O

2.4.3 Proof of Lemma 2.21

We now restate and prove Lemma 2.21, which was used in the proof of Lemma 2.20.

Lemma. Given the same constants as in Lemma 2.20, there exist constants M < oo

and v > 0 such that

(]{7 + I)P(G(N/,p) S -AN’,r,k—H)
kP(G(N',p) € AN’ k)

<1—yN~2/3, (2.31)

for large enough N, whenever (N, p,r) € W)Y (A=, A", K,T) and k € [MN?/3 N' —1].

Proof. Again, we will use (2.89), which for convenience we recall here.

e N—k-1
P(G(N,p) € Anpi) = (1= ) DA (25) kb0 S0 FOV —kom) (125

m=0

= (1 -p) DO (1) T EN < ko).

m

We apply this to (2.31) (with N replaced by N’). Note that (l€+1 T)/(]\,i/::) = k]ill_fr,

and (le_k) - (N/_gk_l) = N’ — k — 1. We obtain

(k -+ 1)]P’(G(N/,p) S -AN/,T’]@_FI)
kP(G(N',p) € AN’ k)

N/ —k—1

(k+1)(1—p)~ (7 )(k]ffi) (L) (k+1DF"F(N' —k—1,p)
k(1 —p) ("2 ) (kLB (N — k)
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k+1 N ko N —k 13 <k+1)’“"” F(N' —k—1,p)
- - (1= . " (1+)MN Y .
Frior 1P (e ) (7 F(N'—k,p)

(2.97)

We proceed in two parts. First we control the ratio of the F(N' — k,p) terms using
(2.20). Then, we control the ratio of the remaining terms with an elementary but long

Taylor expansion.

First, note that from the second inequality in (2.20), that for k < N/ —1,

F(N' —k,p)

1_
PN —k—1,)

< SOV =k = DPE[|CY ()],

1
2
where |O™V'P(v)] is the size of the component containing a uniformly chosen vertex v in
G(N,p). Now, via (2.94),

limsup)\(N - LMN2/3J,p) <At - M.

N—oo

When k > MN2/3, we have

)

N—1/3E[|CN/_k_1,p<v)” SN—1/3EUCN—LMNQ/BLP(U”]

and so from (2.10),

lim sup sup N™Y3E [\C’N/_k_l’p(v)” <N M
N—oo N'e[N-TN?/3 N]
k>MN?/3
We obtain
F(N' -k 1
lim sup sup N?/3 [1 — (/ ) ] < 7@>\+—M7
N—oo N’'€[N-TN?/3 N] F(N'—k—1,p) 2
AN, p)ENT AY]
0<k<N’—1
from which it follows that
F(N' —k-1 1
lim sup sup N2/3 ( - p) _ 1| <M, (2.98)
N—00 N'e[N-TN?/3,N] F(N"—k,p) 2
AN .p)EAT AT

0<k<N'—1
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We now treat the remaining terms in the ratio (2.97), that is

k+1 Nobo N —k C1ay (BTN
vt 1= L (1 aNTYBY )
rrior 1P N (12 ) ( k )

We split the calculation into several steps. Recall the rescalings a = ﬁ and b = ﬁ

Since we assume k > MN?/3 we have 1=00).

k + 1 r T 1 r 2 -1
o8 (1) = ~os(1 - ) = e+ () o0
_ %N_l/S—l—%N_Q/g—i—O(N_l),
log(1+ANTY3) = ANY3 = N2/ L O(N T,

logKk,z:_l)k—r] _ {aN2/3 _ le/s} BNfz/s _ ﬁN*‘l/s 4 O<N72>}

=1- NS LN L o(NT).

The final two terms in the product require extra care, because there is no finite upper
bound on a. However, since a < N'/3, we can still handle the error in the following

term:

log|[(1—p)N' 2] = [N = (s + a)N?/3 — 2| [-N~L = AN"¥3 4+ O(N7?)]

=1+ (s—A+a)N 34 Na+s)N22+OND.

Finally, we have

N —k
log< ~ > = log(l —sN73 —aN_1/3> < —(a+s)N71/3 - %(a+s)2N_2/3.

So there exists a constant C' = C(A\7, A", ¢, K,T) < oo such that

k+1 Nl7k72 N/_k 71/3 (k+1>k—7‘
log A (1-p) N ‘(1+/\N ) —
1 ¥ o1 C
<N72/3 — () — 2 v ~ ‘

uniformly on (N’,p,r) € U (A=, AT, ¢, K, T) and k > MN?/3 as N — co. Recall that

b € [, K], and that k > MN?/3 is equivalent to a > M. So for large enough M, the
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term % is dominated by the term —% in (2.99). So it holds that for large enough N,

k+1 N’—]{J—Q N,_k _1/3 <k+1>k_r 1 _2/3
s - 2 (14 AN Y (A <1--——N23
Fri—r 177 (L) (= 3K

Using Proposition 2.11, we now also demand that M be large enough that MM < (%K.
So combining with (2.98), we can now approximate the LHS of (2.31) as required. Now

take vy € (0, 6%(), and we find that for large enough N

(k+1)P(G(N,p) € AN’ ri+1)

<1—~yN~2/3,
P(GN.p) € Anrpr) = !







Chapter 3

Large components in

inhomogeneous random graphs

In Chapter 5 we will consider a version of mean-field frozen percolation where the
vertices have types drawn from a finite set. In this chapter, before introducing the
frozen percolation dynamics, we prove some results about a certain class of random

graphs where the vertices have types.

This chapter has four sections. First, we define the inhomogeneous random graph model
(IRG), and review Bollobds, Janson and Riordan’s results about its phase transition,
its giant component, and the natural connection to a multitype branching process. In
Section 3.2, we present a new exponential tail bound for the size of a component in an
IRG close to criticality. We use this in Section 3.3, where we prove a concentration
result for the proportion of types in any large component of such an IRG close to
criticality. During this and subsequent chapters, we will require some technical results
about non-negative matrices and their eigenvectors. To avoid breaking the flow of the
otherwise mostly probabilistic arguments, we collect the proofs of these technical results

in Section 3.4.
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3.1 Background, definitions and notation

3.1.1 Motivation

In the standard Erdés—Rényi random graph G(N,c¢/N), the degree of a given vertex
has a binomial distribution. Furthermore, for large IV, the degrees of different vertices
are almost independent, and so the empirical degree distribution is approximately
Poisson(c). Degree sequences in networks observed in the real-world are much less
homogeneous. In many contexts, such as modelling the worldwide web, we might
imagine a small collection of ‘hubs’ with large degree, connected to each other, and

supporting sparsely-connected outliers.

To model these effects, it is natural to consider relaxing the independence between
different edges, or the assumption that vertices have the same underlying local degree
distribution. Albert and Barabasi [2] studied heuristics for several such models, and

many subsequent papers have treated their mathematical properties.

3.1.2 Inhomogeneous random graphs with k types

This model was introduced by Séderberg [64] and studied in a version with more general

type-spaces by Bollobas, Janson and Riordan [15].

Throughout, we fix a positive integer k. A graph with k types is a graph G = (V, E)

together with a type function, type : V — [k].

Definition 3.1. A k x k symmetric matrix x with non-negative real entries is a kernel.
If k has positive entries, then it is a positive kernel. We refer to the sets of kernels and
positive kernels as R%k and RiXk respectively. Similarly, the set of kernels with entries

in [a,b] is [a, b]ka. We use the abbreviations Kmax := ig}g[)é] Kij and Kmin 1= Zr]nelblg] Kij-

When we consider the proportions of vertices of each type, we will refer to the sets

M=qmeRy: Y m=1p Ha={meRi: Y m<1lp, (3.1)
ic[k) i€(k]
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of probability distributions and sub-distributions on [k].

Note. We will regularly write x < &’ for kernels and similarly v < v’ for vectors. Unless

specified otherwise, this ordering is always taken to be coordinate-wise.

Definition 3.2. For each N € N, p = (p1,...,px) € N’S and k a kernel, the inhomoge-

neous random graph G (p, k) is a random graph with k types defined as follows:
o GY(p, k) has vertex set {1, 2,..., Zlepi}.

e The type function is chosen uniformly at random from the (plz'p ;k) functions

f:[Xpi] — [k] such that |f~1({i})| = p; for each i.

o Conditional on the type function, each edge vw (with v # w € [Y_ p;]) is present
with probability

1- exp(_ﬁtype(v),type(w) /N)a
independently of all other pairs.

Remark. Note that the edge probability 1 — exp(—k;;/N) ~ k;;/N. While most
results hold with this simpler alternative definition, the one taken here avoids the
necessity to ensure N > kpax, and, importantly, fits the natural extension to a graph

process, where edges appear at independent exponentially distributed times.

Remark. We are using slightly different notation to [15]. On many occasions, we will
assume Y p; = N, whence p/N is a probability distribution. In the next chapter, the
main process we study will involve varying p/N, a vector which records the proportions
of each type. This corresponds to the measure on the (generalised) ground space as

defined in [15], where it is mostly taken to be fixed.

3.1.3 Branching process analogy and criticality of IRGs

As introduced in Section 1.1.1, the classical Erdés-Rényi random graph G(N, ) contains
a giant component with high probability exactly when ¢ > 1. This corresponds directly
to the regime in which a Galton—Watson branching process with offspring distribution

Poisson(c) has positive survival probability.
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We now discuss an analogous correspondence between the inhomogeneous random graph

and a related multitype Poisson branching process.

Definition 3.3. Given a kernel x € R’;ﬁk and a measure T € Réo, we define the k x k

matrix kK o by

[E o '/T]i,j = /iﬁjﬂ'j.

The number of type j neighbours of a type i parent in GV (p, k) has the distribution
Bin(pj, 1-— e’”ivj/N) when ¢ # j, and Bin <pj —-1,1—- e’”iﬂ'/N) when ¢ = j. Therefore,

when N is large, the expectation of this quantity is approximately [k o p/NJ; ;.

We now define a multitype analogue of Galton—Watson trees with Poisson offspring

distributions.

Definition 3.4. For k € R%k and 7 € Il<y, we define a branching process tree with k
types to be either empty or a random ordered, rooted tree Z™" C U together with a

map called type : 2% — [k] as follows:
o With probability 1 — Zle i, set =™F = &,
o For each i, with probability m;, declare @ € Z™" type() = i.

e For each ¢ > 0, we construct the tree at generation £ + 1 recursively and inde-
pendently from the tree at generation ¢. For every u = (uy,...,ur) € U that
is already in Z7 and has type(u) = ¢, sample independent random variables
ci(u), ..., cx(u), such that ¢j(u) ~ Po(k; jm;). Define the number of children c¢(u)

of u in E™" to be 3 ¢ ¢j(u). Then, for each j € [k], set

Jj—1 J
type(ui,...,up,w) =j, forwe |1+ Z cjr(u), Z cjr(u)].
=1 =1

That is, u has ¢;(u) children with type j.

Note. It is worth emphasising that the cases =" = & and =" = {&} are different.

The former is empty, while the latter has a root and no other vertices.
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Let |Z™%| be the total population size of Z™"  and describe the event {|Z™"| = oo} as

survival, and the event {|=™"| < oo} as extinction.

Although the authors use slightly different terminology, Bollobés, Janson and Riordan
[15] show that for = € II;, and & € R;ﬁk, the branching process =™ * is the local limit

of GN(p, k), whenever p/N — 7 as N — co.

Definition 3.5. It follows by the Perron—Frobenius theorem that for any positive
matrix A € RT’“, there exists p(A) € Ry such that p(A) is a simple eigenvalue of A,
and all other eigenvalues p’ € C satisfy |p'| < p(A). This principal eigenvalue p(A)
is called the Perron root [57]. Furthermore, the left-eigenvector (or right-eigenvector)

corresponding to p(A) can be normalised such that all its components are positive.

We define p(A),v(A) to be these principal left- and right-eigenvectors respectively,
normalised such that S5 | pi(4) = X8 1i(A4) = 1.

Remark. Some of the Perron—Frobenius theory can be extended to non-negative
matrices [29]. In particular, for A € R%k it remains true that there exists an eigenvalue
p(A) € R>g for which a corresponding eigenvector is non-negative, and in this case all

other eigenvalues p’ € C satisty |p/| < p(A).

Definition 3.6. Following [15], we say that both the branching process Z™" and the
random graph G (p, k) are subcritical if p(k o) < 1, critical if p(k o) = 1, and

supercritical if p(k o) > 1, where 7 is defined to be p/N, as before.

For the branching process, the eigenvalue p(k o 7) plays the same role as the mean of
the offspring distribution for controlling the survival probability in the original Galton—
Watson process, as described in Proposition 1.6. This is formalised for the multitype
setting shortly in Proposition 3.7, via Mode [52]. Similarly, p(k o 7) is the analogue of ¢
in the original Erd6s—Rényi graph G(N,c/N), for controlling the existence of a giant

component. This is formalised in Theorem 3.8 shortly.

Proposition 3.7. [52, §1 Theorem 7.1] Let m € II<; be positive, and let k be a positive
kernel. Then,

e if p(x o m) < 1, then P(|Z™| = o0) = 0;
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o if p(kom) > 1, then (" := P(JE™"| = oo | type(root) = i) > 0, for all i € [k].

That is, there is a positive probability of survival iff p(k o w) > 1. Furthermore,

analogously to (1.2), (™" is the maximal solution to

" =1—exp(=[(kom)¢™"];). (3-2)

Remark. Subsequent chapters of [52] treat various cases where k o m has some zero
entries but the result is the same. Here and in Chapter 5, we will typically assume

kernels are positive, so that the uniqueness of the principal left-eigenvector is automatic.

The heuristic for the existence of a giant component is similar to the original monotype
case, which we discussed in the final example of Section 1.2.3. The probability that a
vertex is contained in a giant component approaches the probability that the branching
process survives. Furthermore, it can be shown that the graph is exponentially unlikely
to include multiple giant components, or a positive proportion of vertices contained in

‘large but not giant’ components.

In this chapter, for a graph G, we let Li(G) be the size of the largest component in G,
and £1(G) be a component with size L1(G). At no stage in this chapter will it matter
how the tie-breaking is applied if necessary. We may now state Bollobdas, Janson and

Riordan’s main theorem about the giant component in a large IRG.

THEOREM 3.8. [15, Theorems 3.1, 9.10] Fix a positive kernel x € R¥** and prob-
ability distribution 7 € II;. Let pV € ng satisfy Zz‘e[k} pN = N and pV/N — 7, as

N — 00. Then, with high probability as N — oo,
LGN N, k) =

Furthermore
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Note. Bollobas, Janson and Riordan treat more general type-spaces in [15] and so
determine criticality with different notation. In the language of k types, consider defining
an inner product (z,y), := S.F_ | xy;m;. With respect to this inner product, & o 7 is
self-adjoint, since  is symmetric. If we extend this inner product to a norm || - || 72,
it can be seen that the operator norm ||T||p2(x) in [15] corresponds exactly to p(x o )

as used here.

To motivate the role of the principal eigenvectors in this setting when p(kom) =1+,

we linearise (3.2). We obtain

(™ = (kom)C™ = O(l|l¢™?),

which is consistent with (™" = O(e)v(k o 7), where we recall that v(A) is the right
eigenvector corresponding to the Perron root of a positive matrix A. It is a consequence
of the self-adjointness of k o m with respect to (-,-), that, when 7 is positive,

pi(k o )

- x vi(k o).

In particular, we expect

P(|2™"| = oo, type(root) = i) o pi(k o ),

with magnitude O(e) when p(kom) =1+e€.

Returning to GV (p, &), with 7 = p/N; heuristically, whenever p(kom) < 1+, it is very
unlikely that the largest component of G (p, k) will be substantially larger than eN.
Furthermore, the proportion of types in any large component will be close to u(k o).
In the rest of this chapter, we prove concrete results of this type, which we will use in

the next chapter when we return to frozen percolation.
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3.2 Exponential bounds on component size

In this section, we consider IRGs G (p, k) satisfying p(k o p/N) < 1+ e. We show
exponential upper tail bounds for the size of the largest component in such a graph,

uniformly as N — oo. Precisely, we will show the following result.

THEOREM 3.9. Fix 0 < n < 0o and then ¢ € (0,2 A 1). Then there exist Ny =

No(e,n) € N and constants x = x(€,17) < co and I' = I'(¢, ) > 0, such that for any
N > Ny and given

e a kernel x € [, 00)"*F;
« a vector p € N¥ such that 3. p; = N and p;/N > 5 for each i;

o the eigenvalue condition p(k o p/N) < 1+ € is satisfied;

the following holds. For |C(v)| the size of the component of a uniformly-chosen vertex
in GN(p, k),

P(|C(v)| > xN) < exp(—NT).
As e — 0 with 7 fixed, we may choose the constants such that x(e,n) — 0.

Corollary 3.10. If Li(G) is the size of the largest component in a graph G satisfying

these same conditions, then
P(L1(GN(p, k) > XN) < exp(~NT),

for large enough N.
The proof of Theorem 3.9 occupies the rest of this section.

Note. As Theorem 1.4 of [33], Janson and Riordan show exponential bounds in prob-
ability for the size of the largest component when k is fixed and p/N converges to a
fixed 7 € II;. An argument along the lines of Lemma 3.12 below can be used to lift this

statement to the uniformity we require here.

We will present a different proof, using a multitype exploration process that is, to the

best of our knowledge, novel.
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Note. In the setting of the original Erd6s—Rényi model, O’Connell [56] proves a stronger
result, namely that the size of the largest component of G(N,c¢/N) satisfies a large
deviation principle with rate NV, and positive rate function away from (.. The argument
involves a careful direct calculation. Such an argument is hard to reproduce in the
multitype setting because the probability of forming a component depends on the

number of edges between vertices of each pair of types.

3.2.1 Technical preliminaries - positive matrices and eigenvectors

We summarise the results we will require about positive matrices here. Their proofs are

given in Section 3.4.

THEOREM (Collatz-Wielandt formula [17, 70]). Given A € REGF,

let f(z) := minj<i<, [xf_h. Then
A0

p(A) = xe@i}\({o} f(@). (3.3)

Corollary 3.11. The Perron root p is non-decreasing as a function of ]RliXk and satisfies

k k
min Z A;; < p(A) < max Z A ;. (3.4)
i€lk] * ’ i€lk] ’

j= j=
In Chapter 5, we will need to consider limits uniformly among all measure-kernel pairs
with a given Perron root. The following compactification lemma shows that sometimes
we may reduce the problem to checking a finite number of measure-kernel pairs with a

different Perron root.

Lemma 3.12. Forany 0 < A < A, and K < oo there exist M € N, and 7(1), ..., 7(M) ¢

IT<; and kernels kO kM) g R%k such that

o p(s"™ o7(M) = A for each m € [M],

o for any 7 € Il<; and kernel x € [0, K]¥*¥

with p(kom) > A, there is some m € [M]
for which 7™ < 7 and (™ < k. (Recall that for both vectors and matrices, the

ordering < is taken coordinate-wise.)
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Remark. The condition kmax < K is necessary. Otherwise, consider

L i=7=1 A A
K/iJ: 7T:<L,...,L),
I otherwise,

and allow L — oo.

Recall that p(A),v(A) are the principal left- and right-eigenvectors respectively of a
positive matrix A, normalised such that 3% | j;(4) = YK 13(A) = 1. We will also

work with IT<1 N [n, 1]%, the set of sub-distributions where every component is at least 7.

Proposition 3.13. Fix 0 < n < T < oco. Then,

R
lim sup sup % —u(kom)|| =0. (3.5)
R—roo n€ll<1N[n,1]* vell HU(’Q ° 7T) Hl 1
KE[n,T]F>**
v(kom) B

Remark. Since is invariant under non-zero scalar multiplication of v, we

[[v(som) #11

could alternatively take a supremum over v € Rgo\{()}, in the statement (3.5).

Remark. The non-uniform version of (3.5) is due to Perron [57], and a related limiting
matrix is often called the Perron projection. Related results appear in the multitype

branching process literature, including [36], for which [9] offers a comprehensive summary.

We will require a stronger version of Proposition 3.13, for large products of matrices

close to a fixed matrix. For A € R¥* and 6 > 0, define
Bg(A) := {B € R®** . |B;; — A; ;| <0,Vi,j € [K]}, (3.6)

the set of positive kernels whose entries differ from those of A by at most 6.

Lemma 3.14. For all 0 < n < T < oo with n < 1, and § > 0, there exist § =

0(5,n,T) € (0,7%) and R = R(5,n,T) < oo such that

for all v € RE \{0}, k € [, T]*, m € Iy N [, 1]%, and DD, ... DB € By(r o).

vDW . DE)
loDM . DB,

<9, (3.7)
1

(i o )




3.2 Exponential bounds on component size 95

In later chapters, we require a local Lipschitz result for pu.

Lemma 3.15. Let A be a compact subset of R%k with the property that for any A € A,
the Perron root p(A) is a simple eigenvalue. Then there exists a constant C'(A) < oo

such that, for all matrices A, A’ € A,

114(A) = p(A)]l < C(A) max |Aij — Aigl- (3.8)

’

In particular, for any 0 < n < T < oo, there exists C(n,T) < oo such that, for all

matrices A, A’ € [n, T]F**,

. (3.9)

1,3

||(A) = (AL < C(n, T) max |Aij — A

5

3.2.2 A multitype exploration process

In Section 1.2.1, we saw how an exploration process could be used to encode the sizes
of components in a graph. This is particularly useful in G(N, p), since the exploration
process is Markov, and its increments can be characterised with binomial distributions,

as in (1.17).

We will encode the sizes and type counts of components in an inhomogeneous random
graph via a similar exploration process. In this setting, we must also track the types of
the vertices as we explore. Thus our multitype exploration process will be Z*-valued.
In Section 1.2.1, we discussed classical orderings, for example when the next vertex for
exploration is chosen in a depth-first manner. This enables us to recover the genealogy
of the component. The calculations which follow are valid for any (non-look-ahead)
ordering, but it is most natural in the multitype setting to choose the next vertex
for exploration uniformly at random from the candidate vertices at each stage, as the

resulting process will then be Markov. For readability, we recall the full definition.

Definition 3.16. Given a graph G with k types, we define the following multitype explo-
ration process. We choose v uniformly from V(G), and set 2% := {v;}. Then, for each
m > 1 in turn, we choose vy, uniformly from Z™ :=T'(v;) U ... UT'(vm)\{v1, ..., 0m},

unless 2™ = @, in which case we choose vy, 41 uniformly from V(G)\{v1,...,vm}.
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We now define Z™, R™ € Zgo to be the counts of types in Z" and {v1,...,vm}

respectively. That is:

Z" = #{v e Z™ : type(v) =i}, m>0,i¢€ [k],

1
R :=#{v e {v,...,un} : type(v) =i}, m >0,i¢€ [k].
In particular, we know that the size of the component containing v; is given by

|C(v1)| =7(Z) :==inf{m >1: 2™ = 0}.

We now return to the case where the graph is distributed as G (p, x). Then (Z™, R™).n>0

is Markov since we can define the transitions as follows for any m € {0,1,..., N — 1}.

o If Z™ =0, then 2™ = &, and S0 vy, 41 is chosen uniformly from the remaining

vertices, independently of the history of the process. Conditional on R™, for each

i € [k], with probability pj\;}z

, Um+1 has type ¢, and on this event,
R™1 =R e, zmtt 4 Bin(pj ~ R - e*“m‘/N), jelk], (3.10)

where e(? is the ith unit vector.

o If Z™ 0, then vy,41 is chosen uniformly from Z". Conditional on (Z™, R™), for

each ¢ € [k], with probability %, Um+1 has type ¢, and, on this event,
Rm+1 — Rm + e(i)’
d . e .
Zm —Zm 6 L Bln(pj ~ R~ 21— m/N), jelk.  (3.11)

Comparison with the multitype branching process

First we need to define an alternative version of the multitype branching process which

is never empty.
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Definition 3.17. Given k € R%k and 7 € T1<;\{0}, we define Z™* to be a random

F conditional on @ € =E™F. & is the

multitype tree with the same distribution as =™
root of the Ulam—Harris tree U, which supports =Z™*. This condition is equivalent to
™R £ @, Then ™" can be constructed by taking the type of the root to be given by

distribution ﬁ, and thereafter using the same offspring distributions as for =Z™*. It

follows immediately that when 7 € II;, the distributions of Z™* and Z™* coincide.

In Chapter 5, we will want to compare the size of the component of a uniformly-chosen
vertex v in G (p, k), and Ep/ N the size of the corresponding multitype branching
process. The following result couples these two objects via their multitype exploration
processes. Note that this approach is not original. For example, Bollobés, Janson and
Riordan use a similar approach in their proof of Lemma 9.6 [15], where instead they

compare to |ZP/N.(+)K|,

Proposition 3.18. Let N € N, p € Nk and & € R%k, and let |C'(v)| be the size of the

component of a uniformly-chosen vertex in GV (p, ). Then
IC(v)] <at [EP/NA]. (3.12)

Proof. For brevity, we write 7 = p/N and Z for Z™* during this proof. We show that
there exists a coupling of C(v) and its exploration process (Z™),,>0 with = and an
exploration process (Z™),,>0 of Z, such that Z™ > Z™ for m < 7(Z). We prove this

by induction on m > 0.

Clearly we can couple C(v) and Z such that the type of v and the type of the root of =
are the same. (Note that, unlike Z, = has a root with probability 1.) Then Z ]1 is the
number of children of the root of = with type j. If v and the root have type i, then

1 4

j Po(k; mj). By comparing the probability that each is equal to zero, it is easily

seen that

_ (3.10)
ZJI st Bin(Pj7 11— eini’j/N) st ZJI

Therefore, Z' >4 Z1.
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Suppose that vq,...,v, and v1,...,v,, are the initial vertices in the explorations of
C(v) and = respectively, and assume that Z™ > Z™. Then if Um+1 1s chosen with type
i, there exists a v € T'(v1) U ... UT(0)\{¥1,...,0m} in E with type i by assumption,

so take this to be v, 1. Then
Z]T”H — Z]m + 6; 5 4 Po(k; ;).
This stochastically dominates Bin (pj, 1-— e"“*i/N), and thus from (3.11)
Zmtt —Zm > zmt — zm,
So by induction we obtain Z™ > Z™ for m < 7(Z), and thus 7(Z) > 7(Z), and the

result follows. ]

Remark. If instead we take v to be chosen uniformly from [N], rather than from
V(GN(p, k) = [ pi], then (3.12) would hold with = instead of =, with an almost-

identical argument.

A remark about limits of Z

Given m € II;, and k € R%k , consider the following coupled differential equations for

R*-valued processes ((r(t), z(t)),t > 0):

70) = p(rom), 2(0) = (1= p(kom))u(som),

NP1 NP z(t) 2(t)
= on YT Ron R

When p(k o w) > 1, we conjecture that there exists T = T'(k,7) > 0, such that there

2(t)

(ko(m—r(t)—2(t)), t>0. (3.13)

exists a unique solution to (3.13) on [0,7"), such that

1) >0, te(0), lim=(t)=0.
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When the size of the graph N is large, and p/N ~ 7, we expect the rescaled multitype

exploration process (%Z LN ¢ € [0,T]) to be well-approximated by (z(t),t € [0,T]).

We will not prove an exact convergence result of this type here, which would lead to
an alternative expression for the size and type-measure of the largest component in a

supercritical IRG.

3.2.3 Proof of Theorem 3.9

We will study the multitype exploration process separately on two time intervals. In the
first regime, the process is growing, and we find upper bounds on how far it can grow.
In the second regime, irrespective of what has happened during the first time interval,
we can bound the process above by a related decreasing process. In both cases, since
the process is vector-valued, we will consider the projections of Z in a fixed direction,
which will be given by a principal eigenvector. We reduce the problem to a bound on
the probability that a large sum of ‘almost IID’ random variables substantially exceeds

its mean.

We start with the following lemma, which gives uniform control on the proportion of
vertices (across all types) that need to be removed from an inhomogeneous random
graph with eigenvalue (1 + €) to give a graph with eigenvalue at most (1 —€). We will

use this to divide our analysis into two regimes.

Lemma 3.19. Fixn > 0, and set 6(n) := %. Then there exists a function ¢ : (0,0(n)) —
(0,m/2] such that:

o for all e € (0,6(n)), whenever we take m € Il<; satisfying m; > n for all ¢ € [k],

and x € [n,00)"** such that p(k o 7) < 1+ ¢, then for any 7’ € Tl<; satisfying
7 <m, and |7 —7'|]1 > c(e),

we have p(ko7') <1—¢

o ase— 0, c(e) = 0.
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Remark. The proof, which is postponed until Section 3.4, shows that c(e) = f]—g satisfies

these conditions.

Proof of Theorem 3.9. Within this proof, we take m := £. The proof proceeds by first
bounding || Z[¢(9N1||; exponentially in probability, where ¢(¢) is as given by Lemma 3.19.
We achieve this by considering the projection onto the principal right-eigenvector of Ko.
Thereafter, the evolution is controlled by matrices with eigenvalue at most 1 —e. We
bound this process above, stochastically, at least until it first hits zero, from which we will
obtain our estimate on the component size, using a similar projection-onto-eigenvector

decomposition.

During the first half of this proof, for brevity we write p for p(k o 7), and v for the
right-eigenvector v(k o m). Now, let (Z", R"™) be the multitype exploration process of
GN(p, k) as defined in Section 3.2.2, and let F = (™) be its natural filtration. For
m > 0, define S™ := Z™ - v to be the magnitude of the projection of the NE-valued
exploration process onto the span of this eigenvector. Then, when it is not at zero, the
evolution of S™ follows from (3.11). For each i € [k], let A]" be the event that vp,41
has type ¢, which, conditional on F, occurs with probability %, whenever Z" is

not zero.

We will slightly abuse notation by writing E[S™*1 — 8™ | F™ A™] for

E[(S™+ — $™) Lym |57
zZm :
7

That is, conditioning on the sigma-algebra 3, and the event A".

As motivation, we consider the conditional expected increments of (S™). For each

i € [k], from (3.10) and (3.11),

E[Sm—H —Ss™ ‘ Tn,ﬂlm] < _Vi]l{Zm;éo} + Z Vjpj(l — e_’%vj/N)
JEIR]

< _Vi]l{ZmyéO} + Z Ki jTjVj = vi(p — ]l{Zm?gO})
JEIR]

IN

p — ]l{ZnL?éO} S € + ]l{Z'mZO}. (314)
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We will shortly use a Chernoff bound, so we need to estimate the conditional MGF of
the increments as well. First, we choose A > 0 small enough that e* — 1 < (1 + $)A. By

convexity, it follows at once that

A —1< (1+5)Aa, VYae(0,1]. (3.15)

We now bound the MGFs of the increments of S™. Since we are only interested in the
exploration process until the first time it hits zero, we do not include the case (3.10) in
the subsequent calculation. To this end, we let 7(Z) := min{m : Z™ = 0}. Naturally,
7(Z) is an F-stopping time. We consider the process (SmAT(Z)>m>O, that is .S absorbed

at zero. Then,

E[exp()\(s(m+1)/\T(Z) _ STTZ/\T(Z))) ’ Stfm’A;n}

s e » Pj
< Lp@zm + Lir@smye ™ [ [14+ 0= ey 1))

JE[K]
< iremy + Vr@smye ™ [T+ 0+ 5) - SEam]”, (3.16)
JEk]

using (3.15) and the bound 1 — exp(—=z) < z. From this, using log(1 + z) < z,

log (E [exp ()\(S(m+1)AT(Z) - SmAT(Z))> |3m,fl;n})

< IL{7'(Z)>m} —Av; + Z pj(l + %) ’ H]i\}j )‘Vj]
JElk]

< Lir(zyomy | =M+ D migmi(1+ S)N/j]
JE[K]

< Apr(z)smyi(=1+ (1+ 5)p)

<A1+ (1+5)(1+e), (3.17)

since v; < 1. Now the RHS of (3.17) has no dependence on i. After iterated application

of the tower law, we obtain

log(E {exp()\(SmAT(Z) — SO))D <Am(—=14+ (1+5)(1+¢).
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Then, applying Markov’s inequality in the usual way, we find

logIP(S™ > 2em,7(Z) > m) < logIP’(SmAT(Z) — 5% > 2em — 1)
< logE{exp<>\(S’mM(2) - So)ﬂ —A2em —1)

<Am[—14 (14 §)(1+€) —2¢] + A (3.18)

Recall the definition of ¢(e) from Lemma 3.19. Observe that A(2e + 1 — (1 + §)(14¢€)) >
0 since we demanded € < %, and A\ depends only on e. So take any 0 < v = v(e) <
AM2e+1—(1+5)(1+€). Then there exists Ny = Ny(e) € N such that, taking
m = [c(e)N] in (3.18), we have for all N > Nj,

P(S'ONT > 2ec()N, 7(2) > c(€)N) < exp(—c(e)yN). (3.19)

Finally, we convert this into a probabilistic statement about ||Z[“N1||;. Observe that

(3.20)

1 k 1 772 172
V; = —_.
2

Ki jTV; 2 —— MiN K; jT; > —— >
,0(/<co7r)jz::1 PIEITT = 1 hejen] T T 14e T

Then, for any m > 0, ||[Z™][1 < S™/min;v;, and so on the event {7(Z) > m},

1Z™]|; < §™MN(Z) /min; v;. So, from (3.19), we conclude
P(Hzfdemul > den~2c(e)N, 7(Z) > c(e)N) < exp(—c(e)YN), (3.21)

for N > Ny.

Now we consider the evolution beyond time c(e) N. We define

po=pi— ROV 2 —pl /N e (K],

Since ||RI“ON||; = [¢(e)N], we have ||m — «'|| > ¢(e). Using this, and the fact that
p(kom) <1+ ¢, we know from Lemma 3.19 that p’ := p(k o 7’) <1 — € almost surely.

Recall that m; > n > 2¢(€), and so to avoid errors from the ceiling function, we assume
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throughout that N is large enough that 7} > n/3, for all i € [k]. We may consider v/,

the principal right-eigenvector of k o 7/, normalised so that ||[v/[]; = 1.

For m > [c(e) N, define S™ := Z™ -1/ to be the magnitude of the projection of Z onto
this (random) eigenvector /. As before, S is adapted to F and, when it is not at
zero, the distribution of the increments of S follows directly from (3.11). Since v/ is

Fle(9N]_measurable, we can repeat the calculation (3.16), for m > [¢(e)NT.

E[exp(A\(S"HY) — ™)) |5, AT

-\ —Kij vl P;
< Lir(@yzmy T r@smpe ™ [T [1+ @ = e/ - 1)),
JE[K]

Then,

log(E [exp()\(S’(erl) —S5™) | ?m,.A?LD <z smAi (=14 (1+5)0).

By the same argument as (3.20), since p’ < 1 — e and 7, > n/3 for all ¢ € [k], we obtain

vl > n?/3. Recall also that € € (0, 3), and so

1+5)p) <Q+§1-g<1-z.

Therefore,

6772

log(E [exp(/\(glmﬂ —5"™) | :}””,ATD < _)‘]I{T(Z)>m}?' (3.22)

With the aim of avoiding the requirement to carry this indicator function through the

tower law, we define 7/(Z) = 7(Z) A [c(e)N], and then for m > [c(e) N7,

2

§m .= gm _ %((m —7(2)) V0). (3.23)

That is, SI€EONT = §/1e(NT and then S follows S’ if Z has not yet hit zero. But if

Z has already hit zero, or when it hits zero after [c(¢)N], the increments of S are
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deterministic and fixed (and negative). We can then rewrite (3.22) in terms of S™ as

log(E {exp(/\(gm+1 —S5™) | TH,ATD < —)\622. (3.24)

Since the RHS of (3.24) has no dependence on ¢ nor F™, we apply the tower law to

obtain
2

10g<E[eXp(A(g[c(e)m+m _ Gle(@NTy) | g[e(e)mD < _Am%. (3.25)
Then, taking m = 36 *[c(e)N], and applying Markov’s inequality again, we find

log B(§TeONT+300™Te@N] _ §IeM > _4en~2c(e)N)

2

< —X-36n"%¢(e)N - % + X -den2c(e)N

< —2Xen2c(e)N.

Finally, by patching together S™"7(?) and S™, we can now address the probability that

7(Z) is large.

P(7(2) > [e(e)NT + 360~ *[e(e)N]) < P(STHONTH360 AN > 0, 7(2) > e(e)N)

< P(g[c(e)m > den"%c(e)N,7(Z) > c(e)N)

4 B(STONT [N _ GIAONT > g

< P(||21N|y > den ()N, 7(Z) > e(e)N)

+ P(STAONTH0T ON] _ IAONT 5 ey

(Ségéxp(—c(e)ﬁy]\f) + exp(—?Aen_zc(e)N), (3.26)

for N large enough. We therefore take x(e) := (1 +36n"%)c(e), and observe that
since c(e) — 0 as ¢ — 0, we also have x(e) — 0. Finally, choose positive I' <
min (c(e)y, 2Aen"2c(e)), and recalling that 7(2) 4 |C'(v1)], the statement of Theorem
3.9 follows. O

2C(€)N)

2c(e)N)
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3.3 Distribution of types in large components

For the purpose of the frozen percolation model to follow in Chapter 5, we require a
result about the proportion of types in all large components; that is, not just the giant
component (if it exists). We will approach this by considering the types of vertices
connected at large distance from a uniformly-chosen vertex. For many choices of the root
vertex there will be no vertices at large radius. But for large components, the majority
of the vertices in such components will be a large distance from a uniformly-chosen

vertex.

For any graph G with k types on N vertices, we will take v to be a uniformly-chosen

vertex. Then, for r =0,1,..., N — 1, define W" € N’g by,
W/ .= #{type i vertices distance r from v}, i € [k],

and W;R =N Wy

Remark. Throughout the literature, Z is often used to denote Galton—Watson and
related processes. To avoid confusion, we reserve Z for reflected exploration processes

in this thesis.

THEOREM 3.20. Fix constants 0 < n < T < oo. Now, for any § > 0, there exists
e =¢€(0,n,T) > 0,and R = R(6,n,T),Ng = No(6,n,T) € N satisfying the following.
Consider any « € [, T]*** and p € N§ satisfying S p; = N > Ny and p; > nN, with
p(ko %) <1+e Then W= corresponding to v, a uniformly-chosen vertex in GV (p, x)
satisfies

L T I T [P e

Furthermore, recall the definition of x = x(¢,7) from Theorem 3.9. Define the event
Ay = {||[W=E||; < xN}, that the component containing v has size at most N beyond

radius R. Then we also have a constant N1 = Ny(d,n,T") such that whenever N > Ny,

[E[W=14,] — s o mIIE[W="1a 11|, < o|[B[W="14,]

‘1. (3.28)
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Remark. Neither the statements nor the proofs consider the value, or even the scale
of HE{WZR} Hl The results (3.27) and (3.28) deal only with the direction of E[WER},
since they hold uniformly over p < 1 4 ¢, which includes subcritical, critical and

supercritical regimes. That is, for p = 1 + ¢,

‘E[WZR} Hl = O(N) for any fixed R,

whereas for fixed p < 1, ‘E[WER} H1 =0(1) as N — .

3.3.1 Convex combinations of matrix products

We begin with a further technical lemma. We show that convex combinations of matrices
close to a fixed matrix can be written as a single matrix close to that fixed matrix.
Such matrices will appear as expected multiplicative increments for a discrete-time
process, and this lemma allows us the control the increments across multiple time-steps.
We will also use Lemma 3.14 which asserts that applying a large enough product of
matrices close to a fixed positive matrix to any vector has direction close to the principal

eigenvector of the fixed matrix.

The combination of these results allows us to control the expected proportion of types at
some large radius from a fixed vertex in an inhomogeneous random graph, irrespective of
the expected number of vertices at this radius. Considering all distances from the fixed
vertex simultaneously proves the required concentration result for the proportion of
types in a typical large component, and all the estimates hold uniformly among graphs

with bounded Perron root.

Recall the definition (3.6)
By(A) := {B € RY* « By — Aij| <0, Vi,j € [K]},

of the set of positive kernels whose entries differ from those of A by at most 6.

Lemma 3.21. Given A € ]RiXk, L € N, and 6 > 0 such that min; ; A; ; > 0, consider

non-negative non-zero vectors =1, ... 2l ¢ R’go\{O}, and any L matrices

DW .. DI e By(A),
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L
and positive real numbers pq, ..., pr satisfying > py = 1. Then there exists a matrix
(=1
D € By(A) such that
p1zMDW 4 4 praB DB = (pa® 4 4 praHD. (3.29)

Proof. Let 1 be the k x k matrix where every entry is 1. Since the (s are non-negative,

and each D) € By(A),

pizWDW 4 4 pr B DD < piaMW (A4 01) + ..+ praP (A +61)

< (maW + .. 4 praP)(A +61).
Similarly,

p1zMDW £ 4 p B DE) > (pra® 4+ 4 pra) (A —61).

For ease of notation, set y := p1zWDW + . 4 przBDWE) and 2z := pyz® +. . +prz®),
S0

2Z(A—01) <y <z(A+01). (3.30)

Now, for each j € [k], set ¢; := yilAli 5o that S ¥ 1 2(Aij + ¢j) = y;. Since the LHS

ISR

is increasing in ¢;, from (3.30) we have |c;| < 6.

So we may define D € By(A) via D; j = A; ; + ¢;, and this satisfies (3.29). O

3.3.2 Proof of Theorem 3.20

Proof. We may insist 7' > 2, and first choose any € € (0, % A %) small enough that

x(€,m) as defined in Theorem 3.9 and 6(9,n,T) as defined in Lemma 3.14 satisfy
x(e;m)T? < 6(6,7,T) < n*. (3.31)

(Recall we require this restriction on the range of € to apply Theorem 3.9.)
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Assume throughout that we have a graph G (p, k) satisfying the conditions of the

statement. For each j € [k], conditional on (WO W1 ... WT), W;‘H has distribution

Bin(p; — (WO + W' 4.4 W), 1 — e VRN, (3.32)

The first parameter is the number of type j vertices in the graph that are not within
distance r from v. For each of these vertices independently, the probability that it is

connected to none of the vertices at distance 7 from v is [[F_; (e *is/M)Wi = e=(W"8);/N,

So,

E[W}“ WO, ., W’"} - [pj — WO+ W .+ W’“)j} : (1 ~ e_(WT“)J'/N)

0 Y.

N

< mj[W'k]j = [W"(k o m)];.
And so we conclude that
B[+ WO, W] < W (ko). (3.33)

Define the matrix D) € RF¥F by

1

(r)
DY) = (wom)iy — o
i W

(W (5o m) —E[W1 W, W”]

So we may write this conditional expectation as

B[+ WO, W] = wrDw. (3.34)

We define S” := |[[W° + ...+ W7"]||; to be the total number of vertices within radius r
of the root and recall that x — a;2/2 <1-—e*for x > 0. We can then derive a bound

in the opposite direction to (3.33):

E[wr WO, W] [Wj_ST} <[Wr,{]j_([W%]j)2>.
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So, when S < xN, and recalling x € [n, T]***, we have

1 ST ([[/V"/@]‘)2
_ ) Wkl I
0< (/'4307 D >Z7‘7< ’WT‘|1[N[ K:]] J IN

T2
0< (wom—DW) <\T+X—<xI? <0, (3.35)
2,J

for all 4, j € [k], from the assumptions (3.31) we made at the start of the proof.

Now fix some 7 between 0 and N — R — 1. We combine all of the previous ingredients
to show that E[W’"*R] has direction within § of u(k o 7). We first define a version of
the process W for which the matrices governing the expected one-step evolution of W
always lie within By(x o 7). We do this to show that the contributions from the rare

event {|C(v)| > xNN} are negligible as N — oc.

Let W = W". Then, inductively, for m =0,1,..., R — 1, let

~ Wr+m+1 if grt+m < XN
Wrtmtl — (3.36)

W™ (ko ) if STt > xN.

That is, W tracks W until the first time that S exceeds xN, and thereafter evolves
deterministically, with transitions given by right-multiplying by (x o 7). Later we will
be particularly interested in Wt as r varies, so we let Y7 := WrTE, (Note that for

different values of 7, (W"*+™),,>o are formally different processes.)

For m > 0, define F, 4, := o(WO, ..., W"+™). So, in particular
wo,wt, . owrowrtt L wrtm)
is F,+m-measurable. Because of (3.34) and (3.36), we have
E[W”m“ WO, W W W”m} = Wrtmplrem), (3.37)

where DU+™) is F, ., ,-measurable. On the F"+"-measurable event {S™t" > yN},

DU+m) — ko wr, and otherwise DU"t™) € By(k o 7) from (3.35). Therefore D"+ ¢
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By(k o m) almost surely. We will now show that expected R-step transitions are given

by a product of R matrices in a similar way, using Lemma 3.21.

Claim: For any 1 < m < R, there exist F,-measurable matrices D), ... DM ¢
By(k o ) such that
E[W”m | fﬂ] =w DWW . pm, (3.38)

We prove the claim by induction on m. Suppose the claim is true for a particular value
of m. Clearly supp (W”m) is finite, and for each w € supp (W”m) by (3.37), we have

(after a superficial change of notation - recall r is currently fixed)
E[VT/”’”*HWO W W e e = w} = wDm*+Y
where D(™*1) is F,,,-measurable and in By(k o 7). So
E[Wr+m+1 WO, W W = w} — wE[DW“) (WO, W = w].

The expectation on the RHS is a convex combination of elements of the convex set
By (k o m). So Dmt+Lw) .— E{D(mﬂ) WO W T = w} is F,-measurable, and

is almost surely in By(x o ).

We now apply the tower law:

B[ 5] = i %v . >E[v~vr+m+l W, W T — w74 = w] 5,
wesupp(Wrm
= Z wD("”“’“’)IP’(WTer =w]| 9‘}).
wesupp(Wr+m)

So by Lemma 3.21, there exists an F.-measurable matrix D1 € By(x o 7) such that

E[Wr+m+1 | f;FT] = ) % ) )w]p(Wr+m —w ‘ S:T) p(m+1)
weEsupp rTm

_ E[Wrer ‘ Str:| 1)(m+1)7
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a conditional version of (3.34). Then, using the assumed inductive hypothesis,
E{Wr-i—m—&-l | Cﬂ] —wrp® pm) plm+l)
The claim (3.38) follows for all m < R by induction. In particular, the case m = R gives

E[W+R|5,| = wD® .. D). (3.39)

Since each D™ ¢ By(k o ), we now have precisely the conditions to use Lemma 3.14,
whenever W" # 0. Fix § > 0, also note that x o7 € [?, T]*** by assumption. The

lemma specifies R = R(§/2,n,T) and we conclude that

HE[VNVHRI"J”"] —M(mo7r)||IE[Wr+R,§’”}||1H1 < gHE{WHRWTH

17

almost surely (including the trivial case W" = 0), and in particular,

[B57+7] — oo i, < G| o)

Recall that r was fixed throughout, and Y := W% In particular, if |C(v)| < xN,

then Y" = W™, Now we may sum (3.40) over 7.

N-R-1 N-R-1 sl N<R-1
]E T _ T _ T .
H [ZY] u(mw)|ElZY] <2E[Z Y] (3.41)
r=0 m=0 11 r=0 1
By considering (3.39) in the case r = 0, we have
N-R-1
0< (-0t <E[Y°] < El 3 Y’“] . (3.42)
r=0 1

We now deal with the case when |C(v)| > xN. By construction, we have the very crude
bound,

Wh Wit 4w < N
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Then, for each r, there are R + 1 possibilities for the value of Y = Wt in terms of
W, depending on when S™™™ first exceeds x N, as given by (3.36). So we have another
crude bound,

YT < W E LWt Y wom) 4+ .+ W (kom)E,

since all of these quantities are non-negative. Furthermore, since all entries of x o 7 are

at most T', we obtain,

N—-R-1

>, Y

r=0

<A+ (KT) + ...+ (KD)HN < (kT)FTIN.
1

Therefore

< (1 n (kT)R+1)NIE”(|C(v)| > yN). (3.43)
1

5] o

By Theorem 3.9 this RHS is, for large enough N, much smaller than all the terms in
(3.41) (recall from (3.42) that we have a positive lower bound on the RHS of (3.41)),

and so we may replace E [27{\7;01%71 YT] with E [ny: j_% W’"] to conclude

N—-1
HE[Z WT} — (ko) : (3.44)
r=R

5

N—-1
“oel%]
r=R

117 1

for N > No = No(6,n,T) € N, as required for (3.27), since ny:_ﬁ} W =Ww=zE(@).

Recall that A, = {||C=F(v)|y < xN} C {|C(v)] < xN}. We may add 14, to the

statements of (3.41) and (3.43), from which we obtain

N—-—R—-1 N-1
g g
r= r=R

< (1 + (k:T)R“)NIP’(\C(v)\ > yN).

So we can apply the same argument as for (3.44) to conclude (3.28). O
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3.4 Proofs of technical lemmas

3.4.1 Proof of Lemma 3.12

We restate Lemma 3.12.

Lemma. For any 0 < A < A, and K < 0o there exist M € N, and O ) e <y

and kernels (1), ..., kM) ¢ R%k such that
o p(k™ o (M) = A for each m € [M],
o for any 7 € Tl<; and kernel x € [0, K]**¥ with p(kom) > A, there is some m € [M]

for which (™) < 7 and k(M) < K.

Proof. The result is clear when
A(K,A) = {(Fa,ﬂ) €0, K] x <y : p(kom) > A}

is either empty or consists of one measure-kernel pair.

Otherwise, we view p as a continuous function R%k x II<1 — R>¢ via k o, and so

A(K,A) is compact. Now, for any &, k" € R%k, we say k> k0 if for all i, j € [k],

Kij >0 when /{?’j =0
Kij > Iigj when K,gj > 0.

Then, for any x° € RESF the set {x € R%k : k> K"}, is open in the subset topology

induced on R%k. We also define the relation > on R¥ in an exactly equivalent fashion.

Now, for any (k°,7%) € [0, K]¥*F x TI<y, with p(k° o 7°) = A, the set
{(Ii,ﬂ') €0, KMk x ey : p(kom) > #, ro K, 7TI>7TO},
is open in [0, K]*** x TI<y, and so its restriction to A(K, A),

Nk, 70 := {(H,Tr) € R%k X Rgo cp(kom) > A, k> kY, 7TI>7T0},
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is also open in the subset topology induced on A(K,A). But for any (k,7) € A(K,A),

with A’ = p(k o ), we have

p(\/gli o //\\'77) =A, and (k,m) € N(\/EFL, \/Eﬂ')

Therefore, the sets N(k°, 7°) cover A(K, A). Thus there is a finite sub-cover given by
some N (kW 7MW, .. Nk 7(M)) Certainly if 77 and x>k, then 7 > 7(™)

and x > k(™) as required. ]

3.4.2 Proof of Proposition 3.13

For the next two results, we denote by S**¥([n, T]), the set of k x k symmetric matrices
with entries in [n,7]. For A a real symmetric positive matrix, we let fi(A) be the
principal left-eigenvector of A, normalised so that ||iz(A)|]2 = 1. We will work with j1(A)
in the following result, and convert the statement to the language of ©(A) (as defined

earlier) at the end.

We will also work with II<; N[5, 1]*, the set of sub-distributions where every component

is at least 7.

Lemma 3.22. Fix 0 <7 <T < oo. Then,

lim sup sup = 0. (3.45)

R=00 gegkxk([,1]) vell<y

Proof. For a real positive symmetric matrix A, we define

Ag(A) :=sup{|A| : A an eigenvalue of A, X\ # p(A4)},

to be the absolute value of the ‘second-largest’ eigenvalue of A, which is strictly less
than p(A). But p(A) and A2(A) are well-defined and continuous on the compact domain
SkxE([n,T]). This continuity can be shown by considering the characteristic polynomial

of A and applying standard results (see [72] and references therein) concerning the roots
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of monic polynomials under continuously varying the coefficients. Then

0(n, T) = sup{A;(%) L A e SPH(l, T])} <1 (3.46)

Now, let {fi(A), nP(A), ..., u¥)(A)} be a set of orthonormal eigenvectors of A, where

fi(A) corresponds to the Perron root p(A). As usual, any v € R¥ can be expressed as

and so

<0(n,T)"

1 %

[0, 1O ()11 ()]

k
=2

But since v € Il<q,

|0, 1D (A))| < (A < VE,

by Cauchy-Schwarz, since || (A)||o = 1. Therefore

vAR _ _
s (v, BANR(A)|| <0, T)% - (k- 1)V,
p(A) )
and the required result (3.45) follows. O

We can now restate and prove Proposition 3.13.

Proposition. Fix 0 <n < T < oco. Then,

R
lim sup sup % —p(kom)|| =0. (3.5)
R_“’Owengm[n,l]k vetly ||| [v(k o )[4 1
KE[n,T]F>*

Proof. Instead of considering x o 7, we will study & e 7, defined for k € RF*k 7 ]Ri by

[k o], ;1= \/Tiki j\/Tj (3.47)
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The matrix x e 7 is real and symmetric, which makes a treatment of its spectrum easier.

First, we note that if v is any left-eigenvector of k o w, with eigenvalue A, then

k k
V; (]

> - i = Y Uik T = A2
z‘1< F)[”‘”] J iZIU“,J mj 7

That is (v;/\/7;) is an eigenvector of k e m, also with eigenvalue A\. Therefore the
spectrum of k o 7 is the same as the spectrum of x e 7. In particular, the Perron roots
of kom and k e 7 are the same, and pu(x e 7); = Cu(k o );//mi, where C is a positive

constant chosen to ensure consistent normalisation.

But then

[v(kom)f]; = [(\U} )(now)ﬂ VTG (3.48)
J

Note that if v € 11, then (=2

N \}J—%) €Il,-1/2, and certainly ke € SEXk([n?,T7)).

The statement (3.45) still holds after replacing the supremum over v € II<; with a

supremum over v € Il —1/>. So we can treat the RHS of (3.48), since

(% v HOT{'R V1 _
H(\/ﬂ,,\/%>( pR) <<\/> \/7) (HO’]T)>,U(/€O7T)

as R — oo, uniformly across the set of (7, k) under consideration, and v € II;. Note

— 0,
1

that for each j € [k], we have ,/7; € [\/7, 1]. Therefore, uniformly in the same sense,

vrom® [ v ik o) ) (i o W)L ik 7))
s \ﬁ Kem) 1 (Kkem)y/m1, ..., fr(Kk ®mw)\/Tk ),

as R — oo, and so also

’U(KOTI’)R

o

) (noﬂ)>(ﬁ1(/€o7r)\/771, (e T) /)

- (G

1

We want to show that this limiting quantity has a positive lower bound, so that we can

take a limit of the quotients oW R We first note that from (34), p(kem) < kT,

[[[v(som) HllL

since k o T € S¥*¥([n%,T]). Then, similarly to (3.20), we can bound the components of
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w(K o ) below since

1 n
> wilkenli; > pin® = 7=
p(Kk o) i kT i

=

Note also that ji(x e ) > ju(k e 7). So, since v € II; and /m; < 1, we obtain

v ok \ - n?
<<\/%,...,\/ﬁ>,u(f€.7r)> zﬁ7

and, since \/m; > /1, we also obtain

Thus

o Vg 5/2

[ESFCPETRIE—

So we obtain

M . ([L1(/€07r)\/7r>1,...,ﬁk(/io7r)\/ﬁ)
[lv(k o m)B||y H(ﬂl(/{ow)\/ﬂ,...,ﬁk(/{ow)\/ﬁ)H .

1

But

(ﬁl(/ﬁoﬂ\/ﬂ,...,ﬁk(ﬁow)\/ﬁ) x (ul(now)\/ﬂ,...,uk(noﬂ)\/ﬂ) x pu(k o),

so we have shown
v(kom)t

TlromAnL  — MEom™:

as R — oo, uniformly across v € IIy, and & € [, T]*** and 7 € I such that m; > n,

exactly as required. O
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3.4.3 Proof of Lemma 3.14

Recall the definition (3.6)
Bg(A) := {B € R¥** . |B;; — A; ;| <0, Vi,j € [k]},

of the set of positive kernels whose entries differ from those of A by at most . We now

restate Lemma 3.14.

Lemma. For all 0 < n < T < oo with n < 1, and § > 0, there exists § = 6(5,n,T) €
(0,7%) and R = R(8,n,T) < oo such that

for all v € RE \{0}, k € [n, T]**, m € I<1 N [, 1]%, and DD, ... DB € By(r o).

oD . DWE)
lvD®) ... DR)||

<9, (3.7)
1

— (ko)

Proof. For now we fix § € (0,7?), and will take this small enough at the end. Then, for

any A € [?,T)*** and DD, ... DW) c By(A),

FOECI T S s B> CRNP SU § (P

1=10,01,--.,ig=4 T=1 1=10,i1,...,ig=J =1

Therefore, defining D := DM ... DU gince § < n? < n < T,

(D — AR),; < KRR —1).o7F L.

Similarly, for a lower bound
R
R =
(A" =D);; < > 1T A i — > H i yir
i=’i0,i1,...,iR=j r=1 i=i0,7,1, 7ZR ]7‘ 1

The RHS is a polynomial in # whose coefficients have alternating signs, and so we can

bound using the associated polynomial with every coefficient positive:

R R
(A" =Dyy< > T+ — > T[4

i=i0,i1 g =j =1 i=i0,i1 g =j r=1
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That is,

(D= AT, ;| < KRR 1)o7

Since the fraction in (3.7) is unchanged under positive scalar multiplication of v, it

suffices to show the result for v € IIy. For any v € Il;:

oD — vAR||, < KF(2F — 1) oTR1,

For (3.7) we need to control the distance between the normalised vectors instead.
Observe first that for each i, [JvD®||; € [k(n — 0), k(T + 6)], whenever v € II;. Thus
l[vD||1, |[vAE||1 € [(k(n — )T, (k(T + 0))F]. From the triangle inequality,

vD vAR vD —vAR vALR vAR
oDl AR ||, = || bl ||, " |[ToDlh ~ oA ||,
llvD — vAR||; R 1 1
= t[vA"|| o= -
[lv DIy lvDly (o ARy
lvD — vAR||; o DI = [[0AR| |
ol LT L L
lvDlx [lvDI[1][vA%1
D _ AR
< 2D — vATIh (3.49)
|lvDl[x
so for v € 11y,
5 R R _ 1) .pTR-1
vp B UAR §2(2 1) HRT ‘ (3.50)
WwDl[r [lvAR[[1 ]| (n—10)

Finally, we take A = k o w. Proposition 3.13 determines a value of R such that for all

K € [n,T)F** 7€ Tl<cy N[, 1]*, and v € 11y, taking A = k o 7, we have

1

Combining with (3.50) and taking # small enough, the result follows after extending

vAR

e <
oary, A <

1

|

from v € IT; to v € Rgo\{O}. O
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3.4.4 Proof of Lemma 3.15

We now restate Lemma 3.15.

Lemma. Let A be a compact subset of R%k with the property that for any A € A,
the Perron root of A is simple. Then there exists a constant C'(A) < oo such that, for

all matrices A, A’ € A,

[|1(A) = p(A)][1 < C(A) max |A;; — Aj 4. (3.8)

1,)€

In particular, for any 0 < n < T < oo, there exists C(n,T) < oo such that, for all

matrices A, A’ € [n, T]**¥,
1n(A) — (Al < C(n, T) max |A;; — Aj 1. (3.9)
i,j€[k]

Proof. Note that (3.9) follows by taking A = [n, T]*** in (3.8). To show (3.8), we use
the following result about the local smoothness of eigenvalues and eigenvectors as the

matrix varies in the neighbourhood of a matrix with a simple eigenvalue.

THEOREM ([48], §3.9, Theorem 8). Let py be a simple eigenvalue of a matrix
Ay € CF*F and pg an associated left-eigenvector satisfying ,u(T),ug = 1. Then, there
exists a neighbourhood of N(Ag) C CF*¥ of Ay, and functions p : N(4g) — C and
i : N(Ag) — C*, such that

* p(Ao) = po and [1(Ag) = po,

o fi(A)A = p(A)fi(A), and plfi(A) =1 for all A € N(Ay),

o pand p are infinitely differentiable on N(Ap).
If we take Ag € A, and pg = p(A), then it follows that g is locally Lipschitz as
a function N(Ag) N A — RE. In this statement ji(A) differs from our definition

w1(A) by a normalising factor, that varies in N(Ap). However, the choice ji satisfies

ii(Ao)Tji(Ag) = 1, and so for each i € [k], ji;(Ao) < 1. Therefore, for any A € N(Ag)NA,

(Al > A(Ao)"A(A) = 1. (3.51)
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Now, for A, A" € N(Ap) N A,

(A"
(ANl

[1(A) = (A1 = H!\g(%)!h l

Therefore, as in (3.49),

[|1(A) = p(A)]]x

IN

2[a(A) — (A B3V
(A < 2lla(A) = a(A)]h-

Since f is locally Lipschitz on N(Ag) N A, it follows that pu is also locally Lipschitz on

N(Ap) NA. Thus p is Lipschitz on A by compactness. O

3.4.5 Proof of Lemma 3.19

We now restate Lemma 3.19.

Lemma. Fix n > 0, and set §(n) := %. Then there exists a function ¢ : (0,6(n)) —
(0,m/2] such that:

o for all e € (0,6(n)), whenever we take m € Il<; satisfying m; > n for all i € [k],

kxk

and k € [n,00) such that p(k o) <1+ ¢, then for any 7’ € II<; satisfying

7 <m, and |7 —7'|]1 > c(e),

we have p(ko7') <1—¢

e ase— 0, c(e) = 0.

Proof. For each € > 0, consider any choice of ¢(¢) € (0,7/2] for now, and take &, 7, 7’
satisfying the conditions. By considering for example a suitable linear combination of 7
and 7', there exists 7’ € Il<; such that 7’ < 7" < 7 and ||7 — 7”|| = ¢(¢). Note that
since c(€) < n/2, w > n/2 for every i. To avoid confusion when we multiply on the

right by the matrices themselves, we let v = pu(k o w) and v” = p(k o 7”). Then,

2
U;/ = nglﬁi,jﬂ';/ > %, V] S [k‘]
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We now consider the Collatz—Wielandt formula (3.3) applied to the matrix x o7 and v”
(which is not generally an eigenvector of ko 7). We conclude that there exists i € [k]

such that [v"(k o m)]; < (14 €)v). Thus

plro )l = [ (ko 1) = (o m)l — [0 (0 (m — 7))

2
< (1+e)wy 5 c(e)
2
<ty Ty clen
Note that since € < 0(n) = %, we have ;;‘—g < 2. So we may choose c(e) € [%, 2], and in

particular c(e) = f}—g is suitable. Corollary 3.11 then shows

p(on) <p(kon”) <1—c¢,

as required. O



Chapter 4

Frozen percolation - convergence

to Smoluchowski’s equations

In Section 1.1.4, we introduced multiplicative coalescence, and the corresponding
Smoluchowski equations (1.4). In Section 1.3.1, we introduced Rath’s model of mean-

field frozen percolation.

In this chapter, we show convergence of (v"), the proportions of vertices in components
of each size in a sequence of mean-field frozen percolation processes, to a solution of
the corresponding Smoluchowski equations. In particular, we are able to show this in
greater generality than Rath’s Theorem 1.2 [60], by adapting a method used by Merle
and Normand [51] for a related process where components are, essentially, frozen once
they reach a certain threshold size. We will use this in Chapter 5 to study a model of
mean-field frozen percolation where the initial graph is an IRG with k types, as defined

in Section 3.1.2.
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4.1 Preliminaries

4.1.1 Definitions and results
Multiplicative Smoluchowski equations: existence and uniqueness

Recall from (1.4) the Smoluchowski equations with multiplicative kernel

d k=
avk 5 Z Uk g kvk ZU@ k > 1. (4.1)

For our purposes, throughout we will always assume v (t) > 0. Sometimes it will be

helpful to use the following notation for the total mass

= i 'Uk(t). (4.2)
k=1

We will use Normand and Zambotti’s results [53] about the global existence and
uniqueness of solutions to (4.1). The following slightly weaker summary will be sufficient

for our requirements.

THEOREM 4.1 (Theorem 2.2, [53]). Whenever » -, v;(0) < oo, there exists a
unique solution to Smoluchowski’s equations (4.1) starting from v(0). For this solution,
®(t) is uniformly continuous on [0, c0). Indeed, ®(t) is constant on [0, 7] and strictly

decreasing on [T}, 00), where

_
Z kvk (0) '

k>1

T, =

Note. Theorem 2.2 of [53] further shows that ® is analytic on [0, 00)\{Z}. Some steps
of the arguments in Section 4.2.2 would be easier with the stronger assumption that ®
is Lipschitz on [0, 00). We believe that ® should be Lipschitz for those initial conditions
considered in Chapter 5, but we avoid this issue by using the known, weaker condition

of uniform continuity.
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Mean-field frozen percolation

We recall the definition of the mean-field frozen percolation model given in Section 1.3.1.
In particular, for a realisation of the model on N vertices, we defined v,iv (t) >0 to be
the proportion of vertices which are alive and in a component of size k at time ¢. To
allow slightly more generality, we will relax the condition that the initial graph has N
vertices, but we will continue to demand for a mean-field frozen percolation process
with index N, that each potential edge is added at rate 1/N, and the lightning rate per

vertex is A(IV), satisfying the critical scaling
1/N < A(N) < 1.

Each process (vV) is a random non-negative element of D([0,0), ¢1), the Skorohod
space of cadlag sequence-valued functions with bounded absolute sum. Furthermore
v (t) is always non-negative. Since all transitions of (v") are governed by independent
exponential clocks, each (vV) is a pure-jump Markov process, with natural filtration
(FN(t),t > 0). From now onwards in this chapter, we will make no reference to any
underlying graph structure, and view frozen percolation as multiplicative coalescence
with linear deletion.

We assume hereafter that a sequence of mean-field frozen percolation processes (vN ) is
given, where each v"V has index N, and the initial state v"V(0) has non-negative entries
and may be random. As before, we set @V () := Y ;5 vy (). In this chapter, we will
prove the following result about convergence of the processes (vV). Recall from Section
1.3.1 that this is a mild generalisation of Rath’s Theorem 1.2 [60], where the initial
conditions vV (0) are deterministic and have finite support. (We remark that it is the

second of these that requires substantial work to generalise.) In what follows, we will

always assume v(0) has non-negative entries.

THEOREM 4.2. We assume v'¥(0) 4 v(0) € 41, and let v be the unique solution

to (4.1) started from v(0), as given by Theorem 4.1. Then vV — v in distribution
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in D(]0,c0), £1), with respect to the uniform topology. In particular, ®V — & in

distribution in D([0, c0)) with respect to the uniform topology.

For much of the chapter, we will work with ¢ and (cV), defined by

1 1
Ck(t) = %vk(t)v Ci:v(t) = %’Ul]ﬁv(t)v k>1,te [07 OO), (43)
which represent the density of blocks with size k, rather than the proportion of vertices
on blocks with size k. Clearly v(0) € ¢1 implies ¢(0) € ¢1, and furthermore v™ (0) 4 v(0)

in ¢1 implies ¢V (0) A ¢(0) in 4;.

In the remainder of this section, we introduce the notation and show a tightness
result for the processes (V). We prove convergence of (¢V) in Section 4.2.1, at times
following closely the approach of Merle and Normand [51]. In Section 4.2.2 we establish

convergence of (&) and, from this, convergence of (v').

4.1.2 Martingale formulation

N corresponding to a mean-field frozen percolation process with index

Each process ¢
N is Markov. We will prove convergence of sequences of such processes (V) via a

martingale formulation in the manner of Stroock and Varadhan [67].

With direct reference to [51], we define the product

(f,9) = f(k)g(k), Vf,g:N—Rxo.

k>1

In a mild abuse of notation, we view both k and ¢k (t) as functions of k of this form.
So, for example, (¢ (t), k) = 335, vf (t) = @ () is the proportion of vertices alive at
time ¢; and (™ (t),1) = Y351 ¢f (t) is the rescaled number of alive components. The

following lemma about these processes is clear from the dynamics.

Lemma 4.3. For all N, both (c¢V(-),1) and (c"(-), k) are almost surely non-increasing.
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The definition which follows is analogous to the definition of a weak solution to an SDE.
We say (ci(t),k > 1), a collection of non-negative continuous functions, is a solution to

Smoluchowski’s equation with initial condition ¢(0) € [0, 00)N if

o for every t >0, [i{c(t), k)?ds < oo;

o for every ¢t > 0 and bounded f : N — R

(0.0~ (0. £) = 5 [ 3 Mals)ed s+ 0) = F8) ~ FO)ds. (4.0

0 kro>1

Note that (4.4) is classically defined for f with compact support, but Merle and Normand
show in Lemma 2.2 [51] that this immediately extends to bounded f. We can recover
(1.3) by taking f = 1y, and differentiating (4.4). Conversely, (4.4) for bounded f

follows from (1.3) by linearity.

4.1.3 The generator of ¢V

During a frozen percolation process with index N, there are two types of event which

might occur.

e Two components of sizes k and ¢ might coalesce. In the graph setting, this
corresponds to the arrival of an edge between two hitherto disjoint components.
This has the effect of creating a component of size k + ¢, while removing a

component of each size k, £, so let

1
N —
ANk 0) = Ly — Tgey — L.

Now define:
kln(k)n(0)N if ko 0
eijfv,f(??) =
(k) [n(k) = F [N if k=1
Then if (¢V) is in state n € £1, it jumps to state n + AN (k, ¢) at rate Gljxg(n) when

k # ¢ and to state n + AN (k, k) at rate %chvk(n)
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e A component may be frozen. Using bars to denote transitions arising from
freezing, we let AN (k) := ——]l{k} Then, if (c¢V) is in state € £1, it jumps to
state n + AN (k) at rate 0 () := kn(k)NA(N), where A\(N) is the freezing rate

per vertex.

Hence (cV) has generator

N
S [F(n+ A k,0) - Fo))oRn) (45)

k=1

N
+g[ (n+AN®)) = F(n)| 6 (),

GNF(n

l\DM—*

for any F': ¢; — R. From the definition of the generator of a Markov process (see, for

example, Theorem 1.6 in Section 7 of [19]), we have that
t
M¥F (1) = P (N () - F(N(0) - / GVF(N(s))ds (4.6)
0

is a martingale for any bounded F' : /; — R. It will be sufficient for our purposes to
consider linear test functions, that is F(n) = (f,n) for some f: N — R. We can then
rewrite (4.5) as

GNF(n flk+0)— f(k) — f(O)]ken(k)n(e) (4.7)

l\D\»—l

N

2.l

k=1

1 N N

~ 7 D UER) = 2 EE) = AN) 3 SRk
k=1 k=1

When F is linear, it is either identically zero, or unbounded. However, F(cV(-)) is

bounded in the following two cases:

o when F(n) = (f,n) for some bounded f: N — R, since

Lemma 4.3

F(N®)| <suwp f®IEV@),1) < sup £(R)(eN(0),1) < oo,
keN keN

« When F(n) = (n,k), then F(c"(t)) = (¢V(t), k), which is bounded by Lemma 4.3

directly.
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Thus for both of these cases, MV (t) as in (4.6) is also a martingale.

4.1.4 Tightness

The following lemma is directly equivalent to Lemma 2.5 in [51], with the extra condition

that we may allow ¢V (0) to be random without affecting the proof.

Lemma 4.4. Assume that ¢(0) € ¢; satisfies (¢(0), k) < co. Take M < oo and assume
that the initial distributions (¢™V(0)) of a family of frozen percolation processes satisfy
(cN(0), k) < M a.s. and ¢V (0) 4 c¢(0) as N — co. Then the family of processes (c'V) is

tight in D([0, 00), 1), and any limit point is a continuous function from [0, c0) to ¢;.

Proof. Since ¢; is complete and separable, it will suffice to check Aldous’s tightness
conditions, with reference to Theorem §3.7.2 of [24]. It is clear that the uniform

boundedness (in probability) condition
lim limsupP( sup ||V (t)]|y > K | — 0, (4.8)
K—oo N0 t€R>

holds since ||cV(t)||; is non-increasing in ¢, and ||c¢™(0)||; is uniformly bounded in

probability.

The second condition demands that a large jump is asymptotically unlikely to occur in
any given small time interval. Formally, we require that for all €, T > 0, there exists

§ > 0 such that for any 7%V, an FN-stopping time with 7%V < T, we have

limsupP( sup |V (7Y +9) —cN(TV)| > €] <e (4.9)
N—o0 n€l0,d]

Jumps of ¢V caused by freezing have size 1/N in ¢1, and jumps caused by coalescence

have size at most 3/N. Therefore,

B sup [N (e ) — V() !?N<TN>] < M0 e (), k)
nel0.] N
+ = %<NCN(TN), k)? (4.10)
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< MN)SM +36M?  as.

The condition (4.9) follows from Markov’s inequality, so together with (4.8), we have
tightness. Continuity of the limit points follows, since, in addition to (4.9), the jumps

have size (in ¢1) at most 3/N, which vanishes as N — oo. O

Remark. This lemma illustrates the advantage of working with (¢V(-)) rather than
(vN(-)), as the sizes of the jumps of the latter family of processes do not obviously

vanish as N — oo. (Though this will be a consequence of Theorem 4.2.)

4.2 Convergence

We prove Theorem 4.2. We assume that v(0) and a sequence (v) are given, satisfying
the conditions in the statement of Theorem 4.2. We will work with the associated ¢(0)

and sequence (cV), as defined by (4.3).

4.2.1 Convergence of (cV)

We will show that any limit point of (¢V) in D([0, o0), £1) solves Smoluchowski’s equation.
We will do this by showing that for any bounded F, the evolution of F(c™(-)) is
dominated, for large N, by the small coalescence terms in (4.7). This is achieved
by bounding in expectation the amount of mass in large components on compact

time-intervals.

We consider a continuous limit process ¢ and invoke Skorohod’s representation theorem
on the relevant subsequence, which for ease of notation we assume to be N. So we may

assume that we work in a probability space (P, F, ) such that

N — ¢ P-as. in D([0,00),¢1), (4.11)

with respect to the uniform topology, and where c is almost surely continuous. Through-
out, we assume 7" > 0 is fixed, and consider the time-interval [0,7]. We will show that

c satisfies (4.4) on [0, 7.
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We consider the norm on L'(P ® 1[07T]dt) given by

ol | " |

Note immediately, that if g € L'(P ® 1 7dt), and we define h(t) = fg g(s)ds for
t e [O,T], then h € L! (]P’ ® 1[07T]dt) and
dt]

Inl =E[/OT [ atas
/OT /Ot |g(s)|dsdt1.
T

7s| [ |g<s>|ds]=T||g||. (4.12)

<E

IN

We show first that the proportion of time during which there is a block of size (V) is

small for large N.

Lemma 4.5. Whenever the family of processes (c) satisfies

sup E{(cN(O), k>} < 00,
NeN

we have

. 1
lim (), k)| = 0. (4.13)

Proof. Let F': {1 — R be defined by F(n) = (n,k). Then, as in Section 4.1.3, for each
N, the process M™'T'(t) defined by (4.6) is a martingale. But for this choice of F),

corresponding to f(k) = k, the first two terms in (4.7) vanish, and so we obtain that

E[(cV(0), k)] —E[(eN (1), k)] = )\(N)IE[/Ot<cN(s), k2>ds]. (4.14)

Therefore, by Lemma 4.3,

E <CN 0 7k2
0< KV (), Rl SW

The required result (4.13) follows from the critical scaling (4.3) of A(V). O
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We now show that the rescaled number of blocks with size at least b is small in norm
|| - ||, for large b and large N. We use the same test function F* as Merle and Normand
in Lemma 2.5 of [51], but our Lemma 4.5 simplifies the rest of the proof, without the

requirement to truncate the component sizes.

Lemma 4.6. We assume that the family of processes (c) satisfies ]E[((:N (0), k)} <M

for some M < co. Then, for every integer b > 1,

=, (4.15)

lim sup b

N—oo

Z k’Ck

H oOMT
<
k=b

Proof. Define f*: N — R by f2(k) := kA b, and F®: ¢y — R by F°(n) := (f°,n). We
will bound GV F®(n). Then,

k>0 = fok+0)— fk) - f(0) =

VE, L €N, —b< fok+0)— fo(k)— fo(0) <0

Therefore
N 2
S [FP0k 0 = fo(k) = () [ktn(k)n(0) < b(Z kn(k ) . (4.16)
k=1
Now, taking f = f* in (4.7), and using (4.16),
Ly
GNFb( ) < —<Z kel (¢ ) + (e (), 82). (4.17)

Note that we ignore the contribution to GV F?(n) from freezing, since this is negative.

Then, since MY-F" is a martingale, from (4.6) and (4.17) we obtain

N
(z kc%)
k=b

2

< 5[P(0)] - [P 0)] + 20,89

<00+ L0
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Lemma 4.5 shows that this final term vanishes as N — oco. We then apply Cauchy—

Schwarz twice to conclude

2 N 2
2MT
lim sup Z ke (|| < Tlimsup (Z kcﬁ()) <=L
The required result (4.15) follows. O

For any integer b > 1, we now consider a truncated and modified generator GGy defined

by

7
L

[f(k+0) = f(k) = F(O)lktn(k)n(L),

1

N | —

GyF(n) =
k»

~
Il

for F(n) = (f,n) where f : N — R is bounded. We can compare G,F(c"V(t)) and the
original generator G F(cV(t)), as defined in (4.7).

Recall (from the conditions of Theorem 4.2, which we are proving) that (vV) satisfies
v (0) 4 v(0) in #1, and thus there exists M < oo such that |[v™ (0)||; = (¢V(0),k) < M
for all N. Thus by Lemma 4.3, we have (CN(t), k) < M for all ¢ > 0. Then, for N > b

and ¢ € [0, T,

]GNF(CN(t)) GbF( (t ))]

N
ST [+ 0) = £(k) = £(O)|ktel (el (¢)
£=1
Z

:
NZ‘ F(2k) = 27 () |2l (8) + AN) D | F k) el (1)
el k=1

l\.’)\t—l
?T?r

[ N
< sup | f (k)] [3(cV (1), k) (Z kciiv(t)) + %@N(t), k%) 4+ AN ) (™ (1), k>]
keN kb

[ N
3
<sup (k)| |BM | Y key (t) | + (N (2), k%) + MA(N)|.
keN k>b N
Therefore, recalling A(N) < 1, and applying Lemmas 4.5 and 4.6,

lim sup HGNF<CN(')> — GbF< ‘ < 3M\/ sup |f(k (4.18)
keN

N—o0
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Since ¢V — ¢ uniformly P-a.s., we also have G,F(cV(-)) — GpF(c(-)) uniformly on

[0, 7], and so
lim [|GyF(cY) — GyF(c)|| = 0. (4.19)
N—oo

Recall (4.12), which controls the behaviour of the norm || - || under integration. Using

this, from (4.18), (4.19), we have

lim sup
N—o0

[18M3T3
< 3 sup | f (k)| (4.20)
keN

Recall from Section 4.1.3, the definition of M™¥'| the martingale part of F(cV(-)), and

/ GV F(eN (s))ds — / Gy (c(s))ds
0 0

let N — oo in all the terms on the RHS of (4.6). First, we show that ||M™:F|| vanishes
as N — oo. Here, again we follow the method of Merle and Normand [51] closely. Any
jump of M™NF has size at most & supyey | f(k)|, and as in (4.10), such jumps occur at

a rate bounded by
AN)N (N (0), k) + N (N (0), k)> < MA(N)N + M>N.
Thus we can bound the expectation of the quadratic variation [M™F]z, as

2
lim sup B [M~"]7| < Tlim sup(ir sup yf(k)y) [MA(N)N + M?N| = 0.
N—o0 N—oco keN

So by Doob’s inequality, as N — oo,

El sup (MtN’F)Q] <4E[(MpF)?] = 4B |[MN ] — 0.
t€[0,T]

By Cauchy—Schwarz, El sup ’MtN’F” — 0, from which we conclude
t€[0,T]

||MN’F

| — 0. (4.21)
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The assumption that ¢ — ¢ uniformly on [0, 7] implies F(cV) — F(c) in || - ||. So we

let N — oo in (4.6) and use (4.20) and (4.21) to obtain

[f(k+€) = f(k) = f(O)]kber(t)ee(t)

< ap,

where oy, := \/@supk@\] |f(k)|. We may take b — oo, and observe that c¢ is P-a.s.

continuous, so we find that ¢ solves (4.4) for all ¢ € [0, 7] as required.

4.2.2 Convergence of (V) and (v)

N

As Merle and Normand observe in Section 2.3 of [51], the convergence ¢ — ¢ in

D([0, 00), £1) does not imply the convergence ® — & in D([0, 00)) immediately. How-

ever, convergence of ® can be established quickly as follows.

From the monotone convergence theorem,

b—o0

b—1

lim Hcp(-) -y kck(-)H =0. (4.22)
k=1

For the discrete processes, we can rewrite (4.15) as

lim lim sup
b—00 N—oo

b—1

AOESY kc{j(-)H =0. (4.23)
k=1

Finally, since almost surely ¢ — ¢ uniformly with respect to ¢1, we have

lim
N—o0

li’fffiv(-)—lik%(‘)H =0 Vb=>1 (4.24)
k=1 k=1

Adding (4.22), (4.23) and (4.24), and letting b — oo, we obtain

lim ||o"(-) — (|| = 0. (4.25)

N—oo

It remains to show that ® is uniformly close to ® in probability. We observe that &V

is monotone decreasing, and ® is monotone decreasing and uniformly continuous, by
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Theorem 4.1. That is, for every § € (0,7 we have a constant C'() such that whenever
|s —t| < § for s,t € [0,T], then [®(s) — ®(t)| < C(5), and we may assume that C(5) — 0

as 0 — 0.

Choose some § < T'/2. Then suppose 3t € [0,7/2] for which ®(t) > &N (t) 4+ 2C(9).

Then
/ BN (s) - @(s)|ds > / e [@(t) - C(6) - @V (1)]ds > 6C(0).
Therefore
| limsupy || 2V () — 2 ()|
llrlzfligp]?(te[sol,l%)ﬂ] {q)(t) - <I>N(t)] > 20(5)) < 5C0) =0.
(4.26)
Similarly, if 3t € [6,7/2] for which ®V(t) > ®(t) + 2C(9), then
/t |BN (5) — (s)|ds > /t {(I)N(t) —(®(t) + C(é)}ds > 6C(9).
t—48 t—48
and so
| limsupy || 2V() = 2()|
llgl_S}tgpP(te[sd?jP/Q] [Q)N(t) - @(t)} > 20(5)) < 5C0) =0.
(4.27)

Finally, observe that

sup BV () — ()] < [®V(0) - B(5)].
t€(0,4]
But, by assumption, ®(0) 5 ®(0) as N — oo, and ®(5) — ®(0) as 6 — 0. So,

combining with (4.26) and (4.27), we obtain

sup @V (1) — B(t)| 50, (4.28)
t€[0,7/2]
as N — oo. Since T > 0 was arbitrary, we may replace 7'/2 by T in the statement of

(4.28).
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Finally, we want to show convergence of (v"V). We could appeal to Scheffé’s Lemma,
but as it is short, we give an argument from first principles. Note that for any b > 1,

and t > 0,

[0 () = v(@)[[x < blle™ (8) — e(®)] + (4.29)

b—1
N (t) = D v (1)
(=1

b—1
+ |<I>(t) — > w(t)]
=1

As b — oo, the third term of (4.29) vanishes uniformly on t € [0,7]. As N — oo, the
second term approaches the third term uniformly in probability by the convergence
of ¢V to ¢, and by (4.28). Similarly, as N — oo the first term vanishes uniformly in

probability.

Therefore

sup |[o™(t) —v(t)|[1 = 0, P—as.
te[0,7

and the proof of Theorem 4.2 is complete.






Chapter 5

Frozen percolation with £ types

5.1 Discrete models and a limit object

We consider frozen percolation, started from an inhomogeneous random graph with
k types, and seek to understand the asymptotic behaviour of the proportion of alive
vertices of each type. The evolution in time of these asymptotic proportions will be
described by the solution to an RF-valued differential equation, which we call a frozen

percolation type flow.

5.1.1 Multitype frozen percolation processes

Definition 5.1. We assume throughout that a lightning rate A : N — R, is given,
satisfying 1/N < A(N) < 1, exactly as in the original mean-field frozen percolation
model. As in Chapter 3, we also fix an integer k, and we will consider kernels and
graphs with & types throughout this chapter. Let p be a (possibly random) element of
Nk, and £ a non-negative kernel. We define the multitype frozen percolation process with
index N, denoted (9N7p’“’)‘(N) (t))t>0, as follows. We set GNV:»#AN)(0) to be a copy of

G" (p, k), an inhomogeneous random graph with k types, as in Definition 3.2.

The set of vertices is [ p;], and the type each vertex is assigned in the initial configura-
tion remains fixed as time advances. Then we run the frozen percolation dynamics with

lightning rate A(N). That is, we declare all vertices to be alive initially, and we add
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edges at rate 1/N independently between any pair of alive vertices that are not already
connected by an edge. Independently, each vertex is struck by lightning at rate A(N),
and when this happens, all the vertices in its component are declared frozen. With
these dynamics, we write GV-PmAWV) (t) for the graph of alive vertices, with their types,

at time t.

We will assume that a kernel x and a N’g—valued sequence p" is given. We will consider

,pN,F»,)\(N))

the corresponding sequence of processes (G . Sometimes we will suppress

notational dependence on p~, x and A(N).

For every time ¢ > 0, and i € [k], we define m¥ (t) := %-#{alive vertices of type i at time ¢},
and ®N (t) := Y8, 7V (t), the total proportion of alive vertices at time t. We now state
a simple consequence of the definition which we will use repeatedly. Recall that 1 is the

k x k matrix for which every entry is 1.

It will be important throughout to distinguish between various types of conditioning.

To this end, we let (FV(¢));>0 be the natural filtration of (7™ (¢)).

Proposition 5.2. Let GV (¢) be obtained from GV (¢) by relabelling the alive vertices
with {1,..., N®N(¢)}, uniformly at random. Then, conditional on FV(¢), GV (t) has

the same distribution as G (N7 (t), s 4 t1) on the set of graphs with & types.

Proof. To make the argument more clear, we condition on additional information. For
now, take t > 0 fixed. Given the frozen percolation process GVP# N we define
the sigma-algebra FV (t) generated by (7N (s),s € [0,1]), and the types of all vertices
assigned at time 0, and A(t), the set of alive vertices at time ¢. We claim that conditional
on FN(t), GN(t) has the same distribution as GV (Nﬂ'N(t>, K+ tl) on the set of graphs

with k types, which clearly implies the statement of the proposition.

For brevity, we set P := " p;. In the definition of a frozen percolation process GVP#AN)

we can consider the edge-arrival process to be a Poisson point process € on ([]23 ]) x [0, 00),
with intensity given by the product of counting measure and Lebesgue measure, scaled
by % We also consider the lightning process to be a Poisson point process £ on
[P] x [0,00), with intensity given by the product of counting measure and Lebesgue

measure, scaled by A(IV). In particular, we take & and £ to be independent.
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Given GNPRANN) (0), we can recover the whole frozen percolation process GNpeAN) on
[0,00) using € and £ in the natural way, ignoring points in £ corresponding to edges
which are already present, and points in both € and £ that correspond to already-

KA (IN)

frozen vertices. In particular, the evolution of GNP on [0,¢] is independent of the

restrictions of & and £ to ([123]) X [t,00] and [P] x [t, oc], respectively.

Let type be the (random) type function [P] — [k] of the initially-alive vertices. Let t
be any function [P] — [k] satisfying [t ~1(i)| = p; for all i € [k], and let A C [P]. Then

the event B = {type = t, A(t) = A} depends precisely on
1. the types in GNP=AN)(0);
2. the restriction of the edge set of GV:P#AN)(0) to ([5})\([‘;‘]);
3. the restriction of & to (([I;])\([é])) x [0, t];
4. the restriction of £ to [P] x [0, ¢].

Furthermore, conditional on {type = t, A(t) = A}, the restriction of 7" to [0, ] depends
only on conditions 1 to 4 as well. Therefore, B, is independent of the restriction of the
edge set of GNPEAN(0) to (14]), and the restriction of € to (1)) x [0, 00), and thus so

is 7V restricted to [0, ], conditional on B.

It follows that, conditional on FN(¢), the vertex set of GNPmAN)(¢) is A(t), and
the types are given by the restriction of type to A(t). Since |A(t)| = ||7V(t)||1, the
distribution of the latter is the uniform distribution among functions f : A(t) — [k]
satisfying |f~!| = N7V (¢) for all i € [k]. With this conditioning, the presence of an
edge between vertices x,y € A(t) depends only on the presence of an edge between z,y
in gVPmAN) (), and the restriction of & to {z,y} x [0,t], and so has probability

1—exp (—thpe(%type(y)) -exp(—t/N).

Furthermore, since conditional on types, edges in GV P AN )(0) are independent, and the
restrictions of € to different first arguments are independent, it follows that different edges

between vertices in A(t) are independent also. Therefore, conditional on FN (t), after
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uniformly random relabelling of the vertices, GV ?%AN)(¢) has precisely the distribution

of GN(N7N(t),k +t1) on the set of graphs on [P] with k types, as required. O

Remark. In the definition of G (p, x) in Chapter 3, we demanded that each edge be
present with probability 1 — exp(—&; /N ) rather than «; j/N. This choice makes the

statement of this proposition simpler.

The aim of this chapter is to give a description of the limit of the processes 7V in

D*([0,00)), when p’V /N converges in distribution to a constant vector.

5.1.2 Frozen percolation type flows

Definition 5.3. Given a non-negative kernel x, motivated by Proposition 5.2, we define

a time-dependent kernel for each time ¢ in terms of s by

k() = K + 1. (5.1)

Recall from Definition 3.5 that p(A) is the Perron root of a positive matrix A, and p(A)
is the corresponding principal left-eigenvector, normalised so that > p;(A) = 1. Also

recall from (3.1) the definitions
Hl::{TFERI;OZZT('Z‘Zl}, H§12={W€R’;022m§1}~
ic[k] i€[k]

Definition 5.4. We say 7 : [0,00) — RE(\{0} is a frozen percolation type flow with
initial non-negative kernel x and positive initial measure 7(0) € II<; if 7 is continuous

and there exists some critical time t. > 0 such that:

7w(t) =7n(0), t<t., (5.2)
p((t)om(t) =1, >t (5.3)
%w(w = (s () o n()(t), > e (5.4)

where ¢ : (t.,00) — R is continuous. In addition, we define ®(t) = 5| m;(t).
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Our main results are:

THEOREM 5.5. We consider k € R%k and positive 7(0) € II;. Assume that at least

one of the following holds:
o K is a positive kernel, and p(k o 7(0)) < 1;
e p(kom(0)) < 1.

Then there exists a unique frozen percolation type flow with initial kernel k started

from distribution 7(0).

Note. Assuming that at least one of the two above conditions holds ensures that x(t.) is
positive, which in turn ensures that u(k(t.) o w(t.)) is well-defined without investigating

further conditions about irreducibility of .

It is an easy consequence of (5.1) and (5.3) (that we will explain in Section 5.4) that
®(t) — 0 as t — oo. We can show furthermore that any frozen percolation type flow

has a limiting proportion of types.

m(t)

THEOREM 5.6. For any frozen percolation type flow with positive 7(0), lim_ oo £70)

exists, and is positive.

The main theorem, and the motivation for considering frozen percolation type flows, is

the following.

THEOREM 5.7. Fix x and 7(0) satisfying the conditions of Theorem 5.5, and
A : N — Ry satisfying the usual critical scaling (4.3). Consider a family of multitype
frozen percolation processes GV P RN ), such that pN /N 4 7(0). Then the following

process convergence holds:

() = w(),

in distribution with respect to the uniform topology on D¥([0,7]) as N — oo for each
T < oo, where 7 is the unique frozen percolation type flow with initial kernel x started

from distribution 7(0).

Remark. The multitype frozen percolation processes exhibit self-organised criticality

in the form of power-law tails for component sizes since they are special cases of Rath’s
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original mean-field frozen percolation model. However, (5.3) gives an alternative and

slightly simpler interpretation of criticality in this context.

Outline of argument

We prove the uniqueness result of Theorem 5.5 in Section 5.2. We show that for any
solution to (5.4), there is an associated solution to the Smoluchowski equations (4.1),
with the same control function ®(-). We can then lift Theorem 4.1’s result about

uniqueness of solutions to these equations to the setting we require.

We prove Theorem 5.7 in Section 5.3, from which the existence result of Theorem 5.5
follows. We show tightness of the family of processes (%) in D*([0,T]). We know from
Theorem 4.2 that ®V converges to ®, and we will use this to control the behaviour of
the weak limits of (7). We show that any weak limit features critical graphs after
the gelation time, as otherwise ® is either discontinuous or locally constant, which
contradicts Theorem 4.1. Checking that weak limits 7 satisfy (5.4) involves a careful
estimate of the number of vertices lost to freezing, using the results obtained in Chapter

3. Finally, we prove Theorem 5.6 in the short Section 5.4.

5.1.3 Motivation - ages in forest fires

We explain briefly how a novel interpretation of the mean-field forest fire process
introduced in Section 1.3.2 motivates the multitype frozen percolation processes studied

in this chapter.

Consider a mean-field forest fire process on [N], started from the empty graph. At each
time t > 0, some vertices may have been burned some number of times. We associate

with each vertex i € [N] the process

si(t) = max{s € [0,¢] : component containing i struck by lightning at time s}. (5.5)

Here we take max @ = 0. That is, s;(¢) tracks the time at which vertex ¢ was most

recently involved in a fire. Now, for some fixed time ¢ > 0 we consider the structure
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of the graph, conditional on the sequence (s1(t),...,sn(t)). This conditioning implies
that each vertex ¢ € [N] was not struck by lightning on the interval (s;(t),t]. In fact, we

can make the following stronger statement, which we justify at the end of this section.

Proposition 5.8. Conditional on (s1(t),...,sn(t)), the probability of an edge between

vertices ¢ and j is

t— Si(t) V Sj(t) ‘

1 —exp|— N

(5.6)

Furthermore, the events that distinct edges in [N ](2) are present are independent under

this conditioning.

Remark. In other words, conditional on this sequence of burning times, the graph at

time ¢ is an inhomogeneous random graph, with type-space parameterised by [0, 7.

We then define the following process, recording the empirical distribution of burning

times

N (t, ) = % Z Os;(t) (*)- (5.7)

We conjecture the existence and properties of a limit distribution 7(t) = limy_e 7V (2).
This 7(t) has a Dirac delta weight at zero, corresponding to the probability that a given
vertex has never been burnt before time ¢. Given 7(¢,-), we can describe the local limit
of the graph of the forest fire process at time ¢, as a multitype branching process tree
with type space [0,¢]. The root has type distributed as 7 (¢, -), and thereafter, any vertex
with type s has offspring on the type space distributed according to a Poisson random
measure with intensity

U(t,s,u) :=7(t,u)(t —sVu).
For any post-gelation time ¢t > T, we expect the parameters of the inhomogeneous
random graph to be critical. That is, there exists a distribution p(¢,-) on [0, ¢] for which

/t p(t, $)U(t, s,u)ds = p(t,u), wuelo,t, /t w(t,s)ds =1,
0 0

and which we view as a left-1-eigenfunction for the operator W. Again p(t,-) has a Dirac

mass at zero.
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In addition, for t € (T, T], we would expect the burning time distribution 7 (¢,-) to

evolve according to the following differential equation, analogous to (5.4),

—m(t,s) = —p(t)u(t,s) + ¢(t)o(s), te [Ty, T, se[0,T]. (5.8)

It can be shown that the stationary solution (1.23) to the modified Smoluchowski
equations (1.22) corresponds to a burning-time distribution on (—o00,0]. So a result
about existence and uniqueness of solutions to (5.8) analogous to Theorem 5.5 offers a
new approach to outstanding questions of existence and uniqueness for the modified

Smoluchowski equations, for some initial conditions.

However, there are substantial analytic technicalities involved in working with a contin-
uous (and possibly infinite) type-space, hence the motivation for considering the simpler
but related model of frozen percolation with a finite number of types in this chapter.
This approach to the forest fire by considering ages in a continuous typespace is the

subject of ongoing work with Crane and Rath.

Proof of Proposition 5.8. As in the proof of Proposition 5.2, let € be a Poisson point
process on (U;[ ]) x [0, 00), and £ be an independent Poisson point process on [N] x [0, c0).
As in the frozen percolation process, we can construct the mean-field forest fire process
on [N] from a realisation of (€,£). Indeed in this setting, the initial configuration
(recall, the empty graph on [N]) is deterministic, and so this pair of independent PPPs is
enough to define the forest fire process. (For definiteness, we say that if an edge arrives
at the same time as a lightning strike in (€,£), we add the edge before considering the
effect of the lightning. Obviously the probability that this happens at some time in
[0,T] is zero for all T > 0.)

We claim the following equality of events, from which the statement of the proposition

will follow rapidly.
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Lemma 5.9. Take o € [0,¢]"V, and recall the definition of s(t) = (s1(t),...,sn(t)) from

(5.5). Then

{s(t) =0} = ﬂ {si(0;) =0} N {L( U {i} x (O'Z',t]) = 0}

1€[N] 1€[N]
O{E(U{i,j}x(ai/\aj,ai\/aj]) :0}. (5.9)
i#]
Proof. For brevity, we let B(s(t),o) be the event on the RHS of (5.9). We start by
showing that {s(t) = o} C B(s(t),o). It is immediately clear that s(t) = o implies
si(oi) = 0; and L({i} x (04,t]) = 0 for each i € [IN]. It remains to show that the final

event in the intersection which defines B(s(t), o) holds.

Suppose s(t) = o, but there exist ¢ # j € [IN] for which E({i,j} x (05 Aoj, 04 V 0]) is
positive. If o; = o then (0; A 0,0, V 0] = @, which contradicts this positivity, and so
without loss of generality we assume o0; < 0j. Now, since ¢ is not struck by lightning
after time s;(t) = 0y, and E({¢,j} x (04,0;4]) > 0, the edge formed between ¢ and j has
not been deleted as a result of lightning until time ;. Therefore, when j is involved in

a fire at time o, so is 4, which means s;(t) > o}, a contradiction. We have shown that
{s(t) = g} € B(s(t), 0).

We now assume that B(s(t), o) holds. From N{s;(0;) = 0;}, we obtain s(t) > 0. Now
suppose for contradiction that there is some i € [N] such that s;(t) > o;, and we choose
such an ¢ with o; maximal. Let j be the vertex struck by lightning at time s;(¢), which
causes the fire affecting i. If there is more than one such j, choose any one. (Note
the probability that two vertices are struck by lightning simultaneously is zero.) Since
L({j} x (0,t]) = 0, we must have o; > s;(t) > 0;. So by maximality in the choice of i,

we must have o; = s;(t).

Therefore, there is a path of distinct vertices i = ig,41,...,7; = j such that each edge
{im,im41} is present at time s;(t). Since we have s;(t) > o3, and s;(t) = o, there

must exist 0 < m < k — 1 for which s;,, () > 0;,, and s;,,,,(t) = 04,,,,. Now, again by
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maximality in the choice of i, we must have

O, <o; < Si(t), and Cipi1 = Sim+1(t) > Si(t),

where the final inequality holds since i,,1 is in a fire at time s;(¢), by construction. In

particular, o;,, < 0y,

The edge {im, im+1} is present at time s;(¢), but we have assumed s;,, (0, ) = 0y,,, and

so it is not present at time o;,,. However,
E{im, tm+1} X (04, 0ipn]) =0 implies  E({im, im+1} X (034, si(t)]) =0,

so therefore the edge is not added before time s;(¢). This contradiction shows that
si(t) = o; for all i € [N]. Therefore we have shown the inclusion relation corresponding

to (5.9) in both directions, and the proof of the lemma is complete. O

To finish the proof of Proposition 5.8, note that for all o € [0,¢]", the event B(s(t), o)

as defined in (5.9) is certainly independent of € restricted to
U{’L,]} X (Ui \Y O'j,t].
i#]
In particular, conditional on {s(t) = o}, the restrictions of € to {i,j} x (o; V 0, 1]

remain independent across edges {i,j} € [N]). Finally, on {s(t) = o}, an edge is

present between ¢ and j at time ¢ precisely if
E({i,4} x (i Ny, t]) >0,

which from the final term in the intersection on the RHS of (5.9) is, on {s(t) = o},
equivalent to

E{i,j} x (o V Jj,t]) > 0.

The probability in (5.6) follows immediately, and with the independence that we have

already shown, the proof of Proposition 5.8 is complete. O
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5.2 Uniqueness of frozen percolation type flows

In this section, we prove the following proposition.

Proposition 5.10. Consider kernel k € R%k and 7(0) € II<; satisfying one of the
conditions in Theorem 5.5. Suppose there are frozen percolation type flows 7, v, both

with initial kernel s started from distribution 7(0). Then © = v.

The proof proceeds by constructing a solution to the Smoluchowski equations (4.1) from
a frozen percolation type flow. We will use Theorem 4.1 to conclude that these are the

same for both 7 and v, and in particular, the associated ®s are the same.

In the following lemma, we show that every component of 7(t) stays positive for all finite
t > 0. This natural condition avoids the requirement for an awkward case distinction in

the main argument of this section.
Lemma 5.11. Any frozen percolation type flow (7(¢))¢>0, with initial kernel x € R’gﬁk

and positive initial distribution 7(0) € II<y, is positive for all times ¢ > 0.

Proof. We write u(t) as an abbreviation for u(k(t) o m(t)). Also recall the definition

Kmax 1= MaX; je[k] Ki,j- The result is clear for ¢ < ¢.. Now suppose that
T :=inf{t > t. : Ji € [k],m(t) =0} < o0.

Observe that T' > ¢, since 7(t.) = 7(0) and 7 is continuous. Then consider any t € [t., T').
Since p(k(t) ow(t)) = 1 and k(t) o 7(t) is positive, the eigenvector u(t) is well-defined,
and satisfies

k
,ui(t) = Wi(t) Z uj(t) . (Iijﬂ' -+ t).
j=1
So, since m; < 1 and ) p; = 1, we have
Hi (t) <7 (t) ["’frnax + t],

So from (5.4)

T = = (t) - O(0) e + ]
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Thus

r(t) > () exp (— /t :[Hmax + s]¢(s)ds)

> 1(0) exp(—[Kmax + t]),
since fttc ¢(s)ds = ®(t.) — ®(t) < 1. This holds for all ¢ € [t,,T), and thus
m(T) = m(0) exp(—[Kmax + 1),

since 7 is continuous (because 7 is a frozen percolation type flow). ]

5.2.1 FP flows give solutions to Smoluchowski’s equations

Given k € R%k and 7 € II<y, recall from Definition 3.4 the Poisson branching process

tree with k types Z™". Given a frozen percolation type flow with initial kernel x and

initial measure 7, we write Z(!) as a shorthand for Z7®: (),

The motivation for introducing branching processes at this point is that, for a family of
processes GV PR A(N) satisfying the conditions of Theorem 5.7, Z(*) is the Benjamini-
Schramm limit (with k types) of GN#"#AN)(¢). In particular, since we are in the
subcritical and critical regimes, the distribution of the size of Z(*) is the limit of the
distribution of the size of a component containing a uniformly-chosen (possibly frozen)

vertex in [N].

We define v(t) := P(|2®)| = £) for ¢ > 0, ¢ > 1. We will show that shortly that (u(t))io
satisfies the Smoluchowski equations (4.1). First, we explain how to treat P(|2™"| = /)
as a sum over trees. For use in the rest of this section, for any finite set A we define T4
to be the set of unrooted, unordered trees, labelled by A, and we define Tz to be the set

of rooted, unordered trees, again labelled by A.
Lemma 5.12. Let k € R%k and 7 € II<;. Then
1 14 k
P(|E™"| = () = 7 Z Z ( H . Kipin 1_[1 i, €XD _Z:lmm’jﬂ-j . (5.10)
]:

TeT[Z]ih---,ie m,n)eEER m=
Yoelk
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Proof. We define A; := 2521 ki jm; as we will use this expression frequently. Recall
from Definitions 3.3 and 3.4 that A, is the expected number of offspring (of all types)

of a type ¢ parent in Z™.

To simplify some of the expressions to follow shortly, we will use a slightly different
construction of an inhomogeneous random graph with index N, where the set of vertices
is also random, corresponding to the type sub-distribution 7. More formally, we define
a random variable

i with probability m;, @€ [k]
X = (5.11)

0 with probability 1—®:=1-— Zle T,

and let X, ..., X be IID copies of X;. We then construct a random graph GV (7, k),
conditional on (X1,...,Xy) as follows. The vertex set is M := {m € [N] : X,, # 0},
and the type of any i in the vertex set is X;. Then, (as in the original Definition
3.2 of GN(p, k)) each edge ij € M®? is present with probability 1 — exp(—nxhxj /N),

independently of all other pairs.

Shortly, we will consider the quantities
Nt=#{me[l+1,N] : X, =i}, i€lk], 0<L<N-1, (5.12)

associated with a realisation of GV (7, k). We will consider local limits in GV (7, k).
In this setting, we say that |C'(1)|, the size of the component containing 1, is zero if

X; = 0, that is if 1 is not in the vertex set of GV (m, x).

For any ¢ < N, we have

]P’(\C(l)] = ¢ in GN(r, H)) (?_‘f)@(cm = [0 in GN(r, H))

(V) T Mm T 0-eatmum)

TeTy i1, .t me[(] (m,n)€E(T)
c[k]

¢k P jﬁN,é
I _ mod By
[T exp(—rina/N E| ] [Texo| =%
(myn)elg® m=1j=1

(m,n)ZE(T)



152 Frozen percolation with k£ types

IP’(|C(1)\ = ¢ and C(1) includes a cycle in G¥ (, H))
(5.13)

In the first two lines, these products govern, respectively, the probabilities that the
vertices in [] are present and have types (i1,...,1%p); that the correct edges are present
within [/]; that the correct non-edges are present within [¢]; and the expectation (over
random variables (ﬁjw) je[k]) gives the probability there are no edges between [¢] and

[N]\[¢], given the types of vertices [¢].

The following convergence results hold immediately, for all i1,...,i, € [k],
A}gnoo H exp(—Ki,, i /N) =1, (5.14)
(mn)elg®
(mn)¢E(T)
. N -1 1
(m,n)eE(T) (m,n)eE(T)

Now to treat the expectation term in (5.13), we rewrite ﬁ;-v’é as Zé\[:gﬂ 1ix,=j, and

recall that (X,,) defined at (5.11) are IID.

H Hex K3 E ﬁ 1 ﬁ o <_l‘iz‘m,j]l{Xn—j}
P N | P N

m=1j=1
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Recalling that ¢ is fixed, we obtain the limit

. Kip, ]ﬁjvz ¢
A}gnoo E { H H exp( N )] = ngl exp(—4;,,). (5.16)

m=1j=1

Finally, we treat the extra term in (5.13), namely the probability that C(1) includes a
cycle. If C'(1) includes a cycle and |C(1)| = ¢, then it includes at least £ edges. So we
can bound this probability as

(2)
]P’(\C(l)] = (¢ and C(1) includes a cycle in GN<7T, H)) < (]Z__ll) (( ))(1 — exp(— nmdx))E.

E=¢
Recall again that ¢ is fixed, so (JZ__ll) = O(N'!). Each summand has magnitude
O(N~E), so
]\}lm IP’(|C’( )] = ¢ and C(1) includes a cycle in G (r, /-z)) =0. (5.17)
—00

Combining (5.17) with (5.16), (5.14) and (5.15),

A}EHOOPOC( )’ = f in G’N(ﬂ' ) = ' Z Z [ H K/imﬂ;n]

TET[Z] 21, ,’Lg (mn)EE(T)
€[kl

H i, €Xp(—A;, ).

mel[l]
Nhgloop(w( )| = ¢ in GN( ) zv >y [ 11 mim,in] (5.18)
TGT[’)] Zle,[k,] ¢ [(mn)eE(T)

H i, exp(—A;,,.),

me(l)

where the second equality holds by considering the natural 1-to-¢ mapping from T}y to

T['Z], under which the summands are preserved.

However, we can also treat the LHS of (5.18) using Theorem 9.1 of [15], a local limit
result for IRGs, which we now state in the language of this thesis. First, for any graph

G, let Ny(G) be the number of vertices in G which lie in components of size exactly £.



154 Frozen percolation with k£ types

Then Theorem 9.1 of [15] states that whenever p?V /N — 7 € I,

NGV R) BB =), (5.19)

Although Section 9 of [15] specifically excludes random graphs on what these authors
term generalised vertex spaces, of which GV (m,k) is an example, this is not a major
problem. In GV (x, x), consider the sequence p™N0 := (15]1\7’0, .. .ﬁiv’o) as defined in (5.12),
which records the number of vertices of each type present in the graph. Conditional
on pNO, GN (m, k) has the same distribution on the space of graphs with k types, up
to random relabelling of the vertices, as GV (ﬁN 0. k). However, p™V:0 /N converges in
probability to 7 as N — co. Therefore, since by construction No(GN (7, x))/N < 1

almost surely, we can lift (5.19) to obtain

N (@) B R(E =0, (5:20)

and indeed this convergence holds in expectation also. But the possible vertices [N] of

GN (7, k) are exchangeable by construction, and so
E[No(GV(r,r))| = NP(|C(1)] = £ in GV (k) ).
From this, we obtain
A}i_I}lOOIP’OC(l)] = £in GV (m, k) = P(IE™| = 0). (5.21)

Then, by combining (5.13) and (5.21), the required result (5.10) follows immediately. [

Now we are in a position to show that (v,(t)) constructed from Z(T()-#(1) indeed satisfies
the Smoluchowski equations. Recall we use the shorthand 2®) := Z(*(®):5(#) when the

type flow is fixed.

Proposition 5.13. Given (7(t)):>0 a frozen percolation type flow with initial kernel x,

set vy(t) = P(|E(t)| = 6) as before. Then (v(t)):>0 satisfies the Smoluchowski equations
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(1.4), with T = t.. Furthermore, we have
00 k
S ut) =Y milt), (5.22)
=1 i=1

and so it is consistent to call both of these quantities ®(t).

Proof. We show (5.22) first. We know that p(k(t) o 7(t)) < 1, which is precisely the

condition required to conclude P(\E(t)] = oo) = 0, as in Proposition 3.7. So

iw(t} =1-P(E" = o) - P(|21] = o)
/=1

Now we consider the derivatives of vy(t). We write () as a shorthand for u(k(t) o m(t)).

We also write A;(t) := Z?Zl ki j(t)mj(t). First we observe that, for ¢ < t,

dAg(t) _
T 1, Vielk],
and for t > ¢,
dAZ(t) (5.4) k k
ar Z mi(t) — o(1) Z K (t)pj(t)
Jj=1 j=1
= ®(t) = o(1) ig; i € [K], (5.23)

from the definition of u(t), and where by Lemma 5.11, m;(¢) > 0.

Then, from Lemma 5.12, v(t) is given by:

4
E'UE Z Z [ H K, yin (t ] H 7sz eXP Alm(t))
(

TGT[]lly ste [(mn)eE(T) m=1
€lk]
We differentiate directly with the product rule, and use (5.4) and (5.23). For brevity,

we set

¢
= Z A, (t)

m=1
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Note that A(t) is a function of 41, . . .

Then, for t > t.,

K‘—w Z Z exp(—

TET[ 7 (SRR
€[]

t) Z Z exp(—A(t

TET?, 1,5
[€] [k

+ Z Z exp(—A(t

TETE, i1,---i¢
[4] €[k]

,i¢, though for brevity this dependence is suppressed.

¢
> II Ki, i )] T mim ()
m=1

(m,n)eE(T) (m/,n')eE(T)
(m',n")#(m,n)

(5.24)

The first line comes from differentiating exp(—A(t)) using (5.23); the second line from

differentiating 7, (t) using (5.4); and the final line from [[,, »)e p(r) Fim,in (1) directly.

In the first two lines, the terms involving ¢(t) cancel, leaving —¢-£lvy(t)®(t). This applies

equally for ¢ < t., for which ®(¢) = 1, and for ¢t = t., as the left- and right-derivatives

match. To deal with the third line, for any ¢t > 0, given T" and (m,n) € E(T), consider

the pair of disjoint trees T, T™ formed by removing the edge (m,n) from 7', where

m € T™ and n € T™. Then the sum in the third line of (5.24) splits as a product across

these two trees:

o2 2l

J4
Ki i, / H 7T2m eXp Azm (t))

TGT (m n)EE(T) 1,3 | (m/,n')eE(T)
E[k} (m/,n")#(m,n)

SN Y|

TeT” (m,n)eE(T) | i,, €[k
m/eT™

m/,n')eE(T™)

I s ” 1 .( exp(Aim,(tD]

m/eT™

x| 3 L I1 ”H i, () exp(— Azn,(t))] . (5.25)

in/ c [k]
n'eT™

/7 /)GE(TW)

n'erm

Consider the set of rooted trees on [¢] with an identified edge

Ty := {(T,(m,n)) : T €T}, (m,n) € E(T)}.
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Recall a rooted forest is a disjoint union of rooted trees. Let T[(z]) be the set of rooted
forests on [{] with exactly two trees. Consider the map from Ty to T[(£]2) given by
removing the identified edge (m,n) from T', and rooting the two resulting trees at m
and n. It is immediately clear that this map is ¢-to-1, since the root of T" plays no role

in the map!

So in (5.25), we may replace the double sum

Z Z with the sum /¢ Z .

TET (m n)eE(T) TuT?

(2)
ET[L,]

Then, by considering which elements of [¢] belong to each of the two trees, we can
replace the latter sum with

/¢ -1

32 2

r=1 4g(19) T T} T2eT[’z]\

where recall T is the set of rooted graphs labelled by A. Note that in this sum, the %

appears because the order of trees 7,72 does not matter. So we rewrite (5.25) as

5| S S sno|| I mom(a0)]
=1 ae (1) | TV€T] ik Lom )T it
m'eT

X Z Z [ H Rim“in/ (t):| [ H 7Tz‘n, eXp(—Ain, (t))]
(m’ (12)

T2 eT[‘Z,]\A i, €[K] n)eEE

n'€T?

We now relabel the variables inside each large bracket, and move factorials around, to

obtain

s i ) ZL I #is ]Hm exp(~ s, (1))

r= TleT[fj] 01,0 [ (mn)EE(T)
€
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1 L—r
(ETTRDY [ 11 mm,zn@)] IT i (8) exp(=As,, () |
.T2eT” —r] . [ﬁ r | (mn)EE(T) m=1
S

which is equal to
5 3 velt)uer (1)
r=1

We have already seen that the first two lines of (5.24) are equal to —¢ - £lvy(t)P(2).

Therefore, cancelling the ¢! terms, we conclude from (5.24) that

—W Zvr Yoo (t) — €D (t)ve(2),

for all ¢ > 0, which is, up to a change of notation, as required. O

5.2.2 FP type flows are unique

Now we can finish the proof of Proposition 5.10.

Suppose we have FP type flows 7(-) and v(-), with sums ®7(-), ®¥(-) respectively, and
7(0) = v(0). So we may consider the associated solutions to the Smoluchowski equations
given by Proposition 5.13, (v™(+)), (v”(+)). Crucially, 7(0) = v(0) implies v™(0) = v¥(0).
Theorem 4.1 concerning uniqueness of solutions to Smoluchowski’s equations then gives
v™(t) = v (t) for all times ¢t > 0. Furthermore, from (5.22), ®™(t) = ®“(¢) for all ¢ > 0,

and t7 = t¥, with ¢™(t) = ¢”(t) for all ¢ > 7.

We may now use the classical technique for verifying uniqueness of solutions to ODEs,
since we have shown in Lemma 3.15 that p is locally Lipschitz. The flow 7 (-) satisfies

the integral version of (5.4),

w(t) = w(t.) — tu(ﬁ:(s) o7(s))|d®™(s)|, t > t., (5.26)

te

and similarly for v(-). So
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For a fixed time T > t., by Lemma 5.11, we can choose 7 > 0 such that 7;(T),v;(T) > n
for all i € [k]. Now set § := t; A Kmin. From the assumptions we made about the initial
conditions, k; ;(t) > § > 0 whenever ¢t > t.. So with constant C(6n, kmax + 1) given by
(3.9), for t € [t., T,
|p(k(t) o m(t)) — pu(k(t) o v(t))|[1 < C(0n, Kmax + T) if;lg[%][/-@(t) om(t) — k(t)ov(t)l;;
< C(6n, Emax +T) « (Kmax + T)|7(t) —v(t)|]1.
(5.27)

Therefore, for ¢ € [t., T],

Im(t) = w(0)]1 < CEn.T + ) [ ll(s) = w5l

We have 7(t.) = v(t.), so applying Gronwall’s Lemma gives 7(t) = v(t) for all ¢ € [t., T'.
But T was arbitrary, and so in fact we may conclude 7(t) = v(¢) for all ¢ > 0. This

completes the proof of Proposition 5.10.

5.3 Proof of Theorem 5.7

We will prove Theorem 5.7 by considering weak limits in D*([0,7]) of the sequence of
processes (7V(+)). We will show that the sequence is tight and that any weak limit is a

frozen percolation type flow.

Recall we are given a kernel k and an initial distribution 7(0) satisfying the conditions of
Theorem 5.5, and thus there is a unique frozen percolation type flow (7(t))¢>¢ with these
initial conditions. We are also given a family of multitype frozen percolation processes
(G (t))i>0. Associated to these is a collection of processes (7¥(t));>0 recording the
proportion of alive vertices of each type, for which 7V (0) A w(0) as N — oo. We also

have (@ (t));>0 which records the total proportion of alive vertices in GV ().
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Analogously, we may also define
1
oY () == N#{alive vertices in % (¢) with component size E}.

Recall the definition of the multitype branching process =270)% and as in the previous
section, set

0e(0) = P(\E“@)ﬂ = e).

Since GV (0) 4 GN(pN, k), we may use Theorem 9.1 from [15] which asserts that

vV (0) LN ve(0), for each £ > 1. Then, by Scheffé’s Lemma, we obtain
v (0) 4 v(0), in{¢; as N — oo.

This is the condition we require to use Theorem 4.2, since (v)' (-),£ > 1) are exactly the

sequence of component-size densities in a family of frozen percolation processes.

In particular, we will use the consequence that ® — @, uniformly in distribution on
[0,7]. Recall that ®(¢) =1 for ¢t € [0,t.], and ® is strictly decreasing and uniformly

continuous on (t., 00). Furthermore, from Proposition 5.13, ®(t) = ||7(¢)|]1.

Outline of argument

First we check that the sequence of processes (77 (-)) is tight in D*([0, T]), and that every
component of any weak limit is bounded away from zero. We deduce from Theorem 4.2
that weak limits are continuous and after ¢, are strictly decreasing and critical. We will
argue that supercritical period give rise to jumps, and subcritical periods are locally

constant in the weak limits, and neither of these behaviours is allowed.

Finally, we show that any weak limit satisfies the equation (5.4). Our argument will be
that in the limit the majority of mass is lost as a result of freezing large components,
and the proportion of types within in a large component is well-approximated by the

appropriate left-eigenvector, precisely as shown in Theorem 3.20.
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5.3.1 Tightness and simple properties of weak limits

Throughout this section, we assume 7' > 0, and that both the initial kernel x and the

initial distribution 7(0) are fixed.

Tightness and Theorem 5.5

Note that each 7 is cadlag, and non-increasing, and 7v (0) lies in a compact set,

since it satisfies Zle TI'lN (0) = 1. It follows that the set of possible trajectories of any
(7N (t))tefo,r) is compact in D*([0,77), and so certainly the sequence of processes (7 (-))

is tight.

Therefore, (7VV(:)) has weak limits. The remainder of this proof of Theorem 5.7
establishes that any such weak limit satisfies the conditions of Definition 5.4 to be a
frozen percolation type flow with the correct initial conditions. As a result, the full
statement of Theorem 5.5 follows from Section 5.2 and the proof of Theorem 5.7 to

follow in this section.

Before .

From now on, let 7 be any weak limit of (7V) in D*([0,T]) as N — co. We will show
that 7 is the (unique) frozen percolation type flow with initial kernel x and initial

distribution 7 (0).

We know that ®V — 1 on [0,t.]. Therefore, since for each i € [k], 7" is non-increasing,
the same must be true for each ;. Therefore 3¢ alN(t) — 1 for t € [0,t.] implies
7V (t) — m(t) for the same range of ¢. In particular, any weak limit 7 satisfies 7(t) = 7(0)

for t € [0,%.], as required.

Continuity

Again, we know ®" — &, which is continuous. Any weak limit 7 must satisfy ||7(¢)||1 =

®(t) for t € [0,T], and every component 7;(t) is non-increasing with ¢. Therefore, if
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with positive probability, for some i € [k], 7;(-) has a (downward) jump, so does ®(-).

This is a contradiction, and thus 7(+) is almost surely continuous.

Lower bounds on 7 (T

As in the analysis of type flows, in order to use the Lipschitz condition, it is convenient
to show the following lemma, which asserts that the proportion of alive vertices of each

type is bounded below in probability uniformly on compact time intervals.

Lemma 5.14. For any T > 0, there exists 7 = n(T") > 0 such that
. . N i
A}gn@[?(ﬂz € [k] s.t. ' (T) < 7]) = 0. (5.28)

Proof. We consider the proportion of isolated alive vertices of type 7 in the frozen
percolation process, as a lower bound on the proportion of all alive vertices of type
i. We use a second-moment method, under a coupling with the classical Erdés—Rényi

dynamics with no freezing.

Each possible edge carries an exponential clock with parameter 1/N. Because of the
dynamics of the frozen percolation process, sometimes we do not add the edge when
the corresponding clock rings, because at least one of the incident vertices is already
frozen. We say a vertex v is highly isolated at time T if it was isolated in G (0), and
none of the N — 1 clocks on edges incident to v ring before time T'. Certainly if a vertex

is highly isolated, then it is also isolated, provided it is alive.

Let v be a uniformly-chosen vertex in [N], and let 3 (7,4) be the event that v has
type i, and is alive and highly isolated at time T in GV (T'). For 3 (T,4) to hold, v
must be assigned type i; and v must be isolated in the initial graph GV (0); and none
of the N — 1 clocks on edges incident to v may ring before time T'; and v must not be

struck by lightning. So

(3 (1,3) | 7V(0)) = = (0) ﬁexp(—m,j[wf(c))—}Vn{izj}}) .(e—T/N)N*l.e—Mmq
j=1
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and since 7V (0) LN 7(0) as N — oo, we have

k
P(FY(T,4)) = mi(0)os,  where a; := exp (—T Y [ko w(o)}m) _

Jj=1

Now let v,w be a uniformly chosen pair of distinct vertices in [N], and let ), (T, i) be
the event that both v and w have type i, and are alive and highly isolated at time 7.
There are 2N — 3 edges in [N]®) incident to at least one of v and w. Also, conditional
on the initial type distribution, and the event that v and w both have type i, there are
1+ 2[N7¥(0) — 2] possible edges between one of v and w and some other vertex with

type i. (Note that we avoid double-counting edge vw.) So,

k
PCHﬁATJHnWan):wf«nhym)—§}(Ilam(—mdprmy—gnﬁ]ﬂ))
j=1

y (e—T/N)2N_3 e 2AN)T

)

from which as before we have, as N — o0,

(3, (1)) = mi(0)%a.
Now let H¥ (T, i) be the number of alive, highly isolated vertices with type i in GV (7).
We have E{%] — 7;(0)ay; and V&I"(%) — 0.

. N . HN(T,i
So for any n € (0,7;(0)c;), applying Chebyshev’s inequality to ]E, )

v var (10
limsup P(7¥ (T) < n) < limsup P HITD « p) < limsup —————2 = 0.
N ( @) 77) = o ( N 77) = e (mi(0)a; — n)?
The statement (5.28) follows by taking 1 < min; 7;(0)a;. O

5.3.2 Weak limits are critical after ¢,

We now show that for any weak limit 7, the criticality condition p(x(t) om(t)) = 1 holds

for all ¢t > t.. We first show that this eigenvalue cannot ever be greater than one, and
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then that it cannot be less than one. In both cases, the argument is by contradiction. If
GN(t) is ever supercritical, then with high probability giant components will be frozen,
and so weak limits of ® will not be continuous. If GV (¢) is subcritical, then not enough

vertices will be frozen to ensure weak limits of ®V are strictly decreasing.

Weak limits are never supercritical

Proposition 5.15. For any € > 0,

]P’( s[up ] p(k(t)om(t)) > 1+ e) =0. (5.29)
t€[0,T

Proof. The principal eigenvalue p(+) is continuous. The kernel x(-) is continuous, and we
have shown that 7(-) is almost surely continuous. On the event {sup,c(o 1] p(7(t)or(t)) >
1 + €}, either 7 has a discontinuity, or there exists a time-interval of positive width,
during which p > 1+ €/2. So either (5.29) holds, or there exists a fixed time s € [0,T),
and an infinite subsequence N C N such that

lim inf P(p(k(s) o7 (s)) > 1+ ¢/2) > 0. (5.30)

N—oo
NeN

We assume (5.30) holds, and apply Lemma 3.12. We obtain that there exist M € N and
7M7) € TIeq and kernels s ... k(™) € R%k such that p(k(™or(™) = 14¢/3,
and for any 7 € I<y and & € [0, Amax + TF*F with p(k o m) > 1 + ¢/2, there exists

m € [M] such that 70" < 7 and &™) < k.

Recall that (FN(t))i>0 is the natural filtration of (7 (¢)). In particular, the event
{p(k(s) o ™ (s)) > 1+ ¢/2} is FV(s)-measurable. On this event, at least one of
the events {7(™ < 7N(s)} holds. From Proposition 5.2, conditional on FV(s), up
to labelling, G™V(s) has the same distribution as G¥(N7V(s),x). Therefore, for any

6 € (0,1),

P(L1(9"(s)) = ON \ pli(s) o 7 (5)) > 1+ ¢/2)

> pig (@O 20
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where the floor function is applied component-wise. However, for each m € [M],
Theorem 3.8 controls the asymptotic size of the largest component in the family of

graphs on the RHS. That is, as N — oo,

L (@ (N ) b B = o),

C e e, (m) g (m) S
for each m € [M], and furthermore this limit is equal to ;e mi¢; ", which is

positive. We take 8 > 0 satisfying

. —q(m) ,(m)
0 < min ]P’(|:7T ] = oo)
me[M]

Returning to (5.31) with this value of 6, we find
lim ]P’(Ll <9N(s)) > 0N ‘ p(r(s) o™ (s)) > 1+ e/2> =1.
N—o0

So, if (5.30) holds, we have

1}&%@(&(9%3)) > 0N) > 0.
NeN

Conditional on the event {Ll (SN (s)) > 0N }, the probability that this largest compo-
nent is not struck by lightning before any fixed time s’ > s vanishes as N — oo, since

the lightning rate A(NV) > +. So

lim inf (&N (s4) < &N (s) — 0) >0,
N—oo
NeN

and so the same holds for the limit. That is,
P(®(s+) < P(s) —0) >0,

which contradicts the almost sure continuity of any weak limit ®. (5.29) then follows

by contradiction. O
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Weak limits are not subcritical after ¢,

We start with a lemma concerning the expected size of the component of a uniformly-
chosen vertex in a subcritical inhomogeneous random graph. The final step includes
a bound which is rather weak, but will be sufficient for the main proposition which

follows.

Lemma 5.16. Fix N €N, p € Nf and x € R%k satisfying p(k op/N) < 1. Let C(v)

be the component containing a uniformly chosen vertex in G (p, ). Then

1 p(kom)

OO Tl T pom

where Kmin 1= min; jey) Kij, and m = p/N.

Proof. Set 7 := 7/||7|l1 = p/l|p|l1. Recall Z~*, from Definition 3.17, the multitype
branching process where the root exists with probability one, and has type distribution

given by 7. From Proposition 3.18, E[|C(v)]|] < E[IEP/N’“

} = E[|E™"|]. Now consider

A=
=~
=T

the multitype branching process tree =™ where the type of the root is given instead
by the distribution pu(k o 7), and the offspring distributions are the same as for Z™"

and =™". By considering the number of offspring at each generation of Z™" we have

1

BlIE™] =1+ plrom) +plrom 4. = s

However, the distribution of =™* conditional on the root having type i is the same as
the distribution of 2™ conditional on the root having type i. Therefore, by the law of

total expectation,

E {Eml] < max ME[ é””‘ﬂ .

However, since u(k o ) is a left-eigenvector, we have

k
,U,j(lﬁ',oﬂ') 1 Kmin .
- S > —mmin e (g
mj p(kom) = il o i 2 prom) 7 &

and the result follows immediately. O
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Proposition 5.17. For any € > 0,

IP( sup p(n(t)ok(t)) <1-— e) = 0. (5.32)

te(te,T)

Proof. By the same argument as in Proposition 5.15, either (5.32) holds, or there exists

s € [te,T) and an infinite subsequence N C N such that

l}\l}l)iglof}?(p(/{(s) o WN(S)) <1- 6/2) > 0.
NeN

Now, we can choose § > 0 such that s+ < T and

HZ'J(S—I—(S) < 1—6/3
Hi,j(s) - 1—6/2’

Vi, j € [k].
Since p(-) is increasing as a function of each entry of its argument (Corollary 3.11),

ginzi%fp(p(n(s +8)onN(s)) <1-¢/3) >0. (5.33)

We now consider how many vertices are frozen during the time-interval [s, s + 4], in
expectation. By construction of the lightning processes, and Proposition 5.2, for any
t > 0, it is the case that conditional on FV(t—) and the event that an alive vertex is
struck by lightning at time ¢, the number of vertices frozen [<I>N(t—) - <I>N(t)] has the
same law as |C(1)] in the IRG GN(N7N(t—),x(t)). In particular, in our setting, for

any lightning strike on an alive vertex at time s’ € [s, s 4 ¢],

E[oN(s'~) — oV (s))

FV(s'=), 0 (s'—) — V(') > 0]

IN

E[|C(1)] in GN(N7N(5'-), 5(s)) \ V(']

IN
z|~z~

E[|C(1)] in GN(N7N(s), k(s + 9)) \ V(')

almost surely, since |C(1)| is an increasing function of the graphs. But the quantity in

the final expectation is actually IV (s)-measurable, and so

E[oN(s'~) — V(s

V(' =), @V (s'=) = O () > 0]
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< %E[[C’(l)\ in GN (VT (s), (s + 8))| TV (s)].

In particular, this upper bound is independent of behaviour on the interval [s, s"). The
process recording all lightning strikes on alive vertices is dominated by a Poisson process

with rate NA(IV), so we obtain

E[@Y(s) = 0" (s + 6) | FV(s)]| < ANIE[|C(1)] in G (N7 (s), k(s +8)) | FN(5)]
(5.34)

Using Lemma 5.16, the expectation of this component size conditional on FV(s) is at

most
1 p(ss+8)orN(s))
SN ()l 1= pli(s +0) o ¥ (s))’

almost surely. Consider 1 as given by Lemma 5.14, and define the event
AN = {,O(K(S +4d)o WN(S)) <1—¢/3, ®N(s) > k:n},

which is certainly 7V (s)-measurable. By (5.28) and (5.33),as N > N — oo, lim ianP’(AN) >

0. But then using (5.34) we have

1 3
E[@N(s)—éN(Ha)‘AN] <A <L

It follows by the law of total probability and by Markov’s inequality that for any 6 > 0,

lim inf (&N (s) — &N (s + ) <0) >0,
N—o0
NeN

and so

P(®(s) — O(s + 5) = 0) > 0,

which contradicts the requirement that any weak limit ® is almost surely strictly

decreasing on [t., T]. O
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We have shown that any weak limit 7 is continuous, and satisfies p(r(t) o w(t)) = 1 for
t > t., and satisfies 7w(t) = 7(0) for ¢t < t.. Thus we have shown that (5.2) and (5.3)

hold.

5.3.3 Asymptotic proportions of types of frozen vertices

To complete the proof of Theorem 5.7 it remains to show that any weak limit satisfies

(5.4).

Weak convergence towards integral equation

Throughout this final section, x is fixed, and so k(t) is fixed for all t > 0. To emphasise
this, and for brevity, we will write u(t, w(t)) for pu(x(t) o w(t)) here.

Suppose we have

7Vt =70 + [l n (520 (s)

P

sup =0, (5.35)

te(te,T)

1

as N — oo. We will show that this is a sufficient requirement for any weak limit 7(+)
to satisfy the following integral version of the differential equation (5.4) governing the

evolution of the type distribution:

w(te) — m(t) + tt (s, 7(s))d®(s) = 0, € [te, T). (5.36)

This is sufficient for (5.4) since ® is differentiable on (t.,00), and p(s, 7(s)) is almost
surely continuous. We have ®" — & uniformly on [0, 7], and again let 7(-) be a weak
limit of 7 (-) along the subsequence N C N. Since 7(-) and #(-) are continuous, (-, 7(-))

is uniformly continuous on [0,7]. Therefore

P
— 0,

1

sup
te [tch]

[ wtsx)a[2¥(s) - 005
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as N — oo. To conclude (5.36) from (5.35), it remains to show that

sup Eo, (5.37)

te(te,T)

T
/tp |:M(S,’]TN(5—)) — M(S,ﬂ'(s))} d(I)N(S)

1

as N> N — oo. But certainly for any ¢ € [t.,T] we have

Consider n > 0 as given by Lemma 5.14. It follows directly from (5.28) that

T (50) = s s a0 o

= o 50 = st (o a2 )

P(3i € [k] s.t. m(T) <n) =0.
Conditional on 7¥(s—) > 7 for all i € [k], Lemma 3.15 gives, as in (5.27),

a5, 7N (5=)) = (s, 7(5))] |, < (maxe+TIC((te V omin), Kmax + T) 17N (=) = () .

Therefore, writing C' for (kmax + T)C (n(tec V Kmin)s Kmax + ), on the event
{mV(T) 2, Vi e [k]},

As N> N — oo, both 7% — 7, and & — & uniformly in distribution on [0, 77, so the

/tct [,UJ(S, WN(S—)) — u(s, W(S))} d‘I’N(s)

T
<0 I () w02 (),

RHS vanishes in probability. By Lemma 5.14, P(ﬂ'iN (T)>nVie [k‘]) — 1. Thus (5.37)
follows, and we may conclude (5.36) from (5.35). It remains to show (5.35). We will

show (5.35) in the next section, after a preliminary result.

A result about coupled processes

First, we show a result about coupled processes which we will use to finish this proof.

The motivation for the setup is the following. Every time a component is frozen in the
multitype frozen percolation process, the distribution of types in this frozen component
is not ezactly the same as the left-eigenvector of the appropriate kernel, but the difference

is close to zero so long as the component is fairly large. The expression on the LHS of
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(5.35) records the accumulation of this error. Each time ®V has a downward jump, the
expected extra error accumulated is small relative to the expected size of the jump of
®N . The following result will show that this is enough to conclude that the total error

is small in probability, uniformly in time.

For some N € N, consider ({m)o<m<n and (Yi,)o<m<n, R-valued processes adapted
to a filtration F = (Fp,)o<m<n. We will assume that & = Yy = 0, and that (§,,) is
non-decreasing. We will assume also that £y < 1, and that for some ¢ € (0,1) and

K eN,

1
Yit1 — Y| < &mt1 — &m < Ko as m= 0,1,...,N —1, (5.38)

and |E[Ym+1 - Ym|ffm]| < OE[Emi1 — Em|Fm], as. m=0,1,...,N—1. (5.39)
That is, the increments of € are bounded, and dominate the increments of Y. Furthermore

the increments of Y have smaller expectation than those of £, uniformly in time and

the history of the process.

Lemma 5.18. Whenever (5.38) and (5.39) hold, we have:

2
E[ sup |Yn1 < — +0. (5.40)
0<m<N K

Proof. We consider the Doob-Meyer decomposition of the process (Y;,). That is,
Wy =0, Wi+t = Wiy + Yig1 — E[Ym+1 | ?m}, m > 0,

Ag =0, Amt1 ::Am'f'E[Ym-i-l_Ym‘sFm]’ m =0,

for which (W,,) is an F-martingale, and (A4,,) is a predictable process, and Y,, =
Wi + Ap,. All the statements which follow hold almost surely. First we consider (A,,).

Using (5.39), we have

‘Am—&—l - Am‘ < 6E[§m+1 - gm ‘ gjm};
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from which,

N—-1
El sup [Ap|| SE| Y [Amg1 — Anl|| < OE[EN] < 6. (5.41)

Now we turn to (W,,). Certainly, for any 0 < m < N — 1, conditional on F,,,
Wm+1 - Wm = I'm+1 — Ym - E[Ym+1 - Ym | g:m]7

and so

E[(Wins1 = Win)* | Fin| <E[(Vis1 = Yin)? | T

Using (5.38), for any 0 <m < N — 1,

E[(Wnir = W) | Fn] < E[ (s — &n)* | Fn] < 23Elmsr — En | Tl

Then, since (W,,) is a martingale bounded in L2, by orthogonality of increments (see

§12.1 of [71]),
N-1 ) 1 N-1 1
E[WJ%T} = mZ:OE[(Wm—i—I - Wm) } < ﬁmZ:OE[fm-i-l - fm] < ﬁa

since éx < 1. Finally, using Doob’s L? inequality,

B s, W

0<m<N

2
<,|E W2 | <\J4E[W32] < —. 5.42
_J o wa| < EWR < p e
Since Y, = Wy, + Ay, it follows immediately from (5.41) and (5.42) that

2
< — +9,

El sup |Y,| %

0<m<N

as required. ]
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5.3.4 Decomposition via freezing times

We now prove (5.35), which is equivalent to

sup 5o. (5.43)

te(te,T)

[ (50 () - a9

1

To address this, we categorise each frozen vertex by its type and by its distance from
the associated vertex which was struck by lightning. This will allow us to use the results
shown in Section 3.3. In the process GV, for each vertex v € [N], say s, is the time at
which v is frozen, as a result of some vertex w being struck by lightning. (Note that w
is possibly v itself.) Define d(v) = d(v,w) to be the graph distance in GV (s,) between v

and w.

We now define for each i € [k] and any r € {0,1,..., N — 1},
1
N (r,i,t) = N#{U € [N] : type(v) =14, s, € [0,t] and d(v) = r}. (5.44)

Also define UV (r,t) := Ele UN(r,i,t), that is, the total proportion of vertices of any

type frozen up to time ¢ which were distance r from the vertex struck by lightning. We

have
- N-1
> dUN(rs) = —d@N(s), Y dUV(rd,s) = —dr](s),
r=0
and so (5.43) is further equivalent to
 N—1
sup / Z ,uz s, N )d\I/N(r s) — d\IfN('r,i,s)} LY 0, Vielk],
tefte, TV te

as N — oco. Therefore, to prove (5.35) and complete the proof of Theorem 5.7 it will

suffice to show the following lemma.

Lemma 5.19. For each type i € [k],

 N— 1
lim E| sup / Z pi(s, 7 (s=))dwN (1, 5) — d\I’N(r,i,s)} =0. (5.45)
N=oo  tefte, 1|/t 720
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Proof. Throughout the proof, we fix i € [k]. We start by showing that small values of r
do not contribute on this scale in the limit. Fix some R € N. Then, at any time ¢ < T,
the expected number of vertices within distance R — 1 of a uniformly chosen alive vertex

in GV(t) is at most

L4 [N(1 = e tomat DN | [N (1= e—(nmax+T)/N)}R*1_

Therefore
LS <1 —(Fmax+T)/N —(rmax+T) /Ny B
E z%qf (r,T) _N-[A(N)N]T[H[Nu—e )+ [N ) }

and from the assumptions about A(N), it is clear that this vanishes as N — oc.

So it remains to show that,

s N— 1
lim E| sup / Z pi(s, 7 (s=))dwN (r, 5) — d\I’N(r,i,s)} =0, (5.46)
N—=oo |telte,T]|/te (—R

for a fixed value of R € N to be chosen shortly.

Recall that (F(t));>0 is the natural filtration of the random type flow process 7. We

now define (N (t));>0 to be the natural filtration of the collection of processes
V() and ®N(r,i,-), for all r >0, i € [K].

Note that, in a multitype frozen percolation process, conditional on the set of alive
vertices and their types at time ¢, the graph structure of the frozen vertices is independent
of GN(t), the graph with types on alive vertices. So, although this filtration (FV) is
finer than (FV), Proposition 5.2 remains true after replacing conditioning on FV(¢)

with conditioning on FN (¢).

We now use some notation from Chapter 3 and Theorem 3.20. Recall that for some
vertex v in some multitype graph G, we let WZZR be the number of type i vertices in
G at distance at least R from v. Now, for each s € [0,7], and R € {0,...,N — 1},

conditional on FV(s—) and the event that there is a lightning strike at time s, the
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distribution of 3N <\I/N(7“, s) — WV (r, s—)) is the same as the distribution of W=F

corresponding to a uniformly-chosen vertex in G (N7 (s—), k(s)).

We take 1y := t., and let the times that lightning strikes an alive vertex after t. be
te <11 < T2 < ... Seta:=max{m: 7, < T} tobe the number of such lightning
strikes until time 7'. Since 7y,...,7, are precisely those times t € (t., 7] for which
oV (t—) — xN(t) > 0, each 7, is an (FV)-stopping time, and thus an (FV)-stopping

time too. Now consider for m = 0,1, ..., «, the discrete process

Z m s, 7V (s—))dwN (r, s)—dqu(r,i,s)],

/t° r>R
m
-2

/J"L Ty, T (Ti_)) Z \IlN(Tv T@) - Z l:[]N(T7 Te—
r>R r>R

Z \I/N(T,i,Tg) - Z \I/N(T,i,Tg—)

r>R r>R

Then (V) )o<m<a is adapted to (S"N (Tm)>0< L and records the accumulation of error
<m<a
between the true proportion of types lost beyond radius R, and the proportion expected

from the left-eigenvectors, as successive components are frozen.

We also define, for m =0,1,...,q,

:/tT Zd\llNrs zi Z‘PN(T,TO*Z‘I’N(T,TK*

r>R r>R r>R

the discrete process recording the proportion of mass lost beyond radius R after successive

lightning strikes. This process (£X)o<m<a is also adapted to (f_r"N(Tm))0< o
- = <m<a

We will now compare the increments of Y and the increments of £V in expectation using
Theorem 3.20. In particular, we will need to exclude the possibility that any component
of 7V becomes too small, or that p(7™(t) o x(t)) becomes too large. Furthermore, to
apply Lemma 5.18 we will have to ignore increments where the total mass lost is too
large. All of these events happen with vanishing probability, and the quantities under

consideration are uniformly bounded. Rather than condition that none of these events
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occur (which would affect the individual increments), we will exclude any pathological

behaviour step-by-step for each freezing event, so as to preserve the Markov property.

Recall the definition of n from Lemma 5.14. Set ' = min(7, Kmin V tc) > 0. Choose
some ¢ € (0,1), and consider € = €(0,7', T 4 Kmax), R = R(0,17', T 4 Kmax) as defined in

Theorem 3.20. Consider the events

O = {Trjv (rm—) =0/ Vi€ [K], sup p(z™(t)on(t)) <1+ }
te0,7m)

each of which is FN (7, —)-measurable, and thus also N (7,,)-measurable. On the event
ON1'¢ the graphs GV (s) satisfy the conditions of Theorem 3.20 for all s € [0, 7,,,). Note

that

N5 o eNTe 5 N = {wjv(T) >0/ Vi€ k], sup p(xN(t)or(t)) <1+ e}.
t€[0,T

We know from (5.28) and (5.29) that

lim P(@Nv”’vf) — 1.

N—oo

We also have x = x(e,n’) given by Theorem 3.9. We define

m
N, N N
£m7x :Z]l{ﬁévffév_lﬁx}(gé —gz_l), mZO,l,...,OZ,
(=1

which counts the proportion of vertices frozen from beyond radius R, ignoring those
occasions when the number of such vertices is greater than Y N. (Recall that £V has been
rescaled like ®V, so that losing more than yN vertices beyond radius R corresponds to

§év - @j\il > x.) Analogously, we define

m
Nyx . N N —
VAN = Mg s oo () —¥) m= 0L
=1

which describes the accumulation of error in (5.35) when components of size at most

x NN are frozen, and when the graph satisfies the conditions for Theorem 3.20. Observe
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that o < N by construction, so we also define

N7 —_— N7 N7 —_— N7 —_—
WX =6 Y X=Y,"X m=a+1,...,N.

This pair of processes (¢VX,YVX) is adapted to the filtration HY = (HN)o<men
defined by HY := FN(1,,11—), for m < a and HY = FN(7,) for m > a. Observe that

&N:X is non-decreasing and
NX N’X N7X N:X
‘Yerl Ym ‘ < §m+1 - gm < X-

Ny o
Furthermore, on ©,, 7y (which is ) -measurable),

N.x Nx|qN 4 >R
v — e[t £ wERL,

where A, = {||W=F|| < xN}, with the IRG taken to be GN (N7 (41—), £(Tim+1))-

Similarly, again on @m’ﬁle,

d
Yl =YX [ £ W, = pirmn, 7 (rna =))W L,

On (@%ﬂ;e) the increment Ym -y X ‘ HN is zero. Therefore, taking expectations

and applying Theorem 3.20, we obtain

B[V - YA 3| < OR[ehX - e X [96)], as, m>o.

Thus, for K = L\/gj, the processes ¢VX and YVX precisely satisfy the conditions for

Lemma 5.18. On the event OV,

tNl

/t Z i (s, N ))d\IJN(r, s) d\IlN(r,i,s)}| = sup ’Y#y’

¢ r=R 0<m<N

sup
te(te,T]

Therefore, by Lemma 5.18

tN—1

/5>

¢ r=R

lim supIE[ sup {ui(s, N (s=)dUN (r, s) — AUV (r, 1, s)} H

N—o0 te(te,T]
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<2K~' 46+ lmsup2(1 - P(ON7)) = 2K 44,

N—oo

Our choice of § was arbitrary, but as we take § — 0, we may assume ¢ — 0 and thus, by
Theorem 3.9, x — 0 also. Hence K — oo. So (5.46) and (5.45) follow, and the proof of

Lemma 5.19, and Theorem 5.7 is complete. O

5.4 Limits in time for frozen percolation type flows

It is natural to ask about the behaviour of a frozen percolation type flow as t — oo.
First, we give a quick argument why ®(t) — 0 as ¢t — oo. From the criticality condition

(5.3) and Corollary 3.11, for ¢t > ¢,

L= p(k(t) om(t)) = p(tlom(t)) = tp(1om(t)).

Therefore p(1on(t)) < 1/t. But note that (1,...,1)7 is a right-eigenvector of 1 o 7(t),
with eigenvalue ®(t). Therefore
O(t) <1/t (5.47)

Now we prove that the proportion of types among the alive vertices converges as t — oc.

Proposition 5.20. For any frozen percolation type flow m, lim; oo % exists and is

positive.

Proof. Directly from (5.4), %@(t) = —¢(t). Therefore

d (m(t)\ 4) o(t) (7(t)
= <<I>(t)> 2 e <<I>(t) ~ (k4 t1) o w(t))).
Note that % = u(tlom(t)), and so
;Gfé))) _ g;((?) [1(t1 0 7(8)) — (s + £1) o m(1))]. (5.48)



5.4 Limits in time for frozen percolation type flows 179

Consider the sets of positive matrices

A={tlon(t):t>t.}, B:={(k+tl)on(t):t>t.}.

Now, for any A € AU B,

Kmax

Ai i < (Fmax +1)m(t) < (Kmax +1)®(t) < +1,

C

where the final inequality follows from (5.47). Hence matrices in A U B are bounded in
R%k and thus the closure A U B is compact. Any matrix in A U B has the property that
any row has either all positive entries, or all zero entries, and at least one row has all
positive entries. Thus the Perron root of any matrix in A U B is a simple eigenvalue, and
Lemma 3.15 applies, with A = AU B. In particular, there exists a constant C' = C(A)

(depending on x and 7(0)) such that

I(A4) = p(B)lly < € o |4i; = Byl A.B € AU,
1,)€

So from (5.48),

d /n(t) o(1)
(=2 <022 ) < '
Hdt ((I)(t)) L ¢ o) g Kij5(t) < CP(t)Kmax
i ‘ — d (=@
Therefore, if we write g(t) := g ) e have

/ g(D)|[1dt < Chman / S(D)dE < Chimax®(0) < 00,
te te

and it follows that % converges as t — oQ.

We now show that the limit is positive. For this, we will use a similar argument to the

proof of Lemma 5.14, but now using the statement of Theorem 5.7 to give stronger

bounds involving ®.

Recall that 7(0) and k are fixed. Now, for each N € N, we take N IID samples from 7 (0),

and let pV € N'g be the vector recording the number of occurences of each type. Clearly,
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by WLLN p"V/N LN m(0) as N — oco. We will consider coupling frozen percolation

processes with initial types given by p~, as N varies.

Fix some sequence (A(NN)) satisfying the critical scaling 1/N < A(IN) < 1. Observe

that there is a natural coupling between the processes GV VAR and

under which the restriction of the latter to vertex set [N] is equal to the former until
the first time an edge is added between N + 1 and an alive vertex in [N]. (This time
might be zero, if there is such an edge in the initial graph 9N+17PN+17"‘7’\(N).) We fix
a time T > 0. Theorem 5.7 applies to both sequences of processes (SN’pN’”’)‘(N)) and
gV +LpN LR AN )), since certainly A(N — 1) also satisfies the critical scaling. While this
theorem is stated in terms of convergence in probability, it also holds in expectation

N

since the processes " are uniformly bounded in R*. Thus, for each i € [k],

m(T) = lim E|x}*(T)]

N—o0 v

= lim P(type(N +1) =i, N+ 1 alive in N+ e (7)),

N—o0
Although it leads to a weaker bound, it is more convenient to consider the probability
that vertex N + 1 is both alive and isolated in GNTLP" THmAN) (T'). This event is
particularly tractable under the coupling proposed above. For, as long as N + 1 is
isolated, an edge forms between N + 1 and [N] at rate &-#{alive vertices in [N]}. So,

AN we can control the

if ®V(t) remains the proportion of alive vertices in GV A
probability that N + 1 remains isolated in G~ +LpY LA conditional on the evolution

of GNPV RAN)  That is,

IP’(N + 1 alive and isolated in 9N+1’pN+1’”’)‘(N) (T) ‘ SN’pN’“’A(N) 0 T})

= P(N + 1 isolated in 9N+1’pN+1’“’)‘(N)(0))

T
X P(N + 1 not struck by lightning on [0,7]) X exp <—/ @N(s)ds)
0
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Since the second and third probabilities are independent of the type of N + 1, we can

include this in the calculation. Then,

]P’(type(N +1) =14, N + 1 alive and isolated in GNHLPN L RAN) (T) ‘ 9N’pN’”’>‘(N)‘[O T]>
= P(type(N + 1) =i, N + 1 isolated in G 12" 52N (0) )

T
x P(N + 1 not struck by lightning on [0,7]) x exp (—/ @N(s)ds>. (5.49)
0

Only the third of these terms is random. We now consider its expectation. Note that
the map f — exp(— fOT f(s)ds) from Cy([0,T7]) to R is continuous with respect to the

uniform topology on [0,7]. Since ®V L uniformly on [0, 7], it follows that
T T (5.47) Tds\ 1
i - N = - > —1- ) ==
A}gnoo E [exp ( /0 ¢ (s)ds)} exp ( /0 <I>(5)ds> > exp ( 1 /1 . ) To
So, from (5.49) and the law of total probability,

mi(T) > lim sup IP’(type(N +1) =i, N+ 1 alive and isolated in GNT12" AN (T))

N—o00
T
A}iinooElexp<—/0 <I>N(s)ds>]

(5.50)

pr !
> 1 2 —HRmax
- lNgnw N + 16

lim e—)\(N-f-l)T
N—o0

> m(0)e M ——.

Combining (5.47) and (5.50), we obtain

e (O)e_(ﬁmax“‘l)/T
T

Y

= (O)e_(ffmax“!‘l) ,

and thus lim7_, % has positive components. ]
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